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Abstract 


By developing a generalized cobordism theory, we explore the higher global symmetries 
and higher anomalies of quantum field theories and interacting fermionic/bosonic systems in 
condensed matter. Our essential math input is a generalization of Thom-Madsen-Tillmann 
spectra, Adams spectral sequence, and Freed-Hopkins's theorem, to incorporate higher-groups 
and higher classifying spaces. We provide many examples of bordism groups with a generic 
H-structure manifold with a higher-group G, and their bordism invariants — e.g. perturbative 
anomalies of chiral fermions [originated from Adler-Bell-Jackiw] or bosons with U(1) symmetry 
in any even spacetime dimensions; non-perturbative global anomalies such as Witten anomaly 
and the new SU(2) anomaly in 4d and 5d. Suitable H such as SO/Spin/O/Pin* enables 
the study of quantum vacua of general bosonic or fermionic systems with time-reversal or 
reflection symmetry on (un)orientable spacetime. Higher 't Hooft anomalies of dd live on the 
boundary of (d + 1)d higher-Symmetry-Protected Topological states (SPTs) or symmetric 
invertible topological orders (i.e., invertible topological quantum field theories at low energy); 
thus our cobordism theory also classifies and characterizes higher-SPTs. Examples of higher- 
SPT’s anomalous boundary theories include strongly coupled non-Abelian Yang-Mills (YM) 
gauge theories and sigma models, complementary to physics obtained in [arXiv:1810.00844, 
1812.11955, 1812.11968, 1904.00994]. 
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1 Introduction and Summary 


1.1 Preliminaries 


'Thom, as the pioneer of bordism theory, studied the criteria when the disjoint union of two closed 
n-manifolds is the boundary of a compact (n+ 1)-manifold [1]. Thom found that this relation is an 
equivalence relation on the set of closed n-manifolds. Moreover, the disjoint union operation defines 
an abelian group structure on the set of equivalence classes. This group is called the unoriented 
bordism group, it is denoted by Q9. Furthermore, Thom found that the Cartesian product defines 
a graded ring structure on Q9 :— Suso Q9, which is called the unoriented bordism ring. Thom also 
found that the bordism invariants of OF are the Stiefel-Whitney numbers. Namely, two manifolds 
are unorientedly bordant if and only if they have identical sets of Stiefel-Whitney characteristic 
numbers. This yields many interesting consequences. For example, the real projective space RP? is 
not a boundary while RP? is; also the complex projective space CP? and RP? x RP? are unorientedly 
bordant. 


Many generalizations are made to bordism theories so far. For example, we can consider mani- 
folds which are equipped with an H-structure, we follow the definition of H-structure given in [2]. 
Our work is inspired by a cobordism theory from the Madsen-Tillmann spectrum [3] and from Freed- 
Hopkins [4]. Freed and Hopkins propose a cobordism theory [4] to classify the Symmetry-Protected 
Topological states (SPTs) [5] in condensed matter physics [6] with ordinary internal global symme- 
tries of group G and their classifying space BG. Examples of SPTs include the famous topological 
insulators and topological superconductors [7, 8]. 


The major motivation of our work is to generalize the calculations and the cobordism theory of 
Freed-Hopkins [4] — such that, instead of the ordinary group G or ordinary classifying space BG, we 
consider a generalized cobordism theory studying manifolds (i.e., spacetime manifolds) endorsed 
with H structure, with additional higher group G (i.e., generalized as principal-G bundles) and 
higher classifying spaces BG. We consider this particular generalized cobordism theory in order to 
study, characterize and classify: 


1. Generalized higher global symmetries of G [9] in physics t and their higher classifying spaces 
BG. 
! Generalized higher global symmetries may or may not be higher-differential form global symmetries. For example, 


there exist certain fermionic SPTs whose higher global symmetries whose charged objects are not in terms of higher- 
differential forms, see Ref. [10] and References therein. 


2. Higher-Symmetry-Protected Topological states (higher-SPTs), which are nontrivial quan- 
tum vacua protected by higher global symmetries of C. Higher SPTs are characterized by 
(co)bordism invariants obtained from (co)bordism groups of higher classifying spaces BG. For 
example, in (d + 1)-dimensional spacetime, denoted (d + 1)d, consider the quantum vacua of 
internal global symmetry G on a (d + 1)d spacetime manifold with H-structure, we will pro- 
pose a bordism group oí +1) (BG) and a related cobordism group TP(q+1)(H x ©) to classify 


higher-SPTs in (d+ 1)d. See the earlier pioneer work on higher-SPTs in [11,12]. 


3. Higher quantum anomalies, e.g. higher 't Hooft anomalies: The ordinary ’t Hooft anomalies 
[13] of global symmetry G is the anomaly for QFT of the ordinary global symmetry G. In 
comparison, given the internal higher global symmetry G and the dd spacetime manifold with 
H-structure, we can ask what are the possible higher quantum anomalies in the dd physical 
theories? The associated higher anomalies, given by the data C and H, in the dd spacetime, 
via a generalization of the anomaly-inflow picture [14], turns out to relate to the anomalies of 
the dd boundary theory (called the boundary anomalies) of (d + 1)d higher-SPTs (given by 
the same data C and H). So the characterization and classification of (d+1)d higher-SPTs in 
the previous remark turns out to help on the characterization and classification of dd higher 
't Hooft anomalies. 


Modern examples of higher ’t Hooft anomalies are found in quantum field theories (QFTs) 
including Yang-Mills gauge theories [15] and sigma models. The first example of higher 't 
Hooft anomalies is discovered by a remarkable work Ref. [16] for a pure 4d SU(N) Yang-Mills 
gauge theory of even integer N with a second Chern-class topological term (called the 6-term 
or OTr|F ^ F]-term in particle physics.) Further new higher ’t Hooft anomalies are found 
in [17-20]. 


In summary, as we have said, we aim to study higher global symmetries, characterize and classify 
higher-SPTs and higher quantum anomalies. 


e By characterization, we mean that given certain physics phenomena or theories (here, higher- 
SPTs and higher quantum anomalies), we like to write down their mathematical invariants 
(here, we mean the bordism invariant) to fully describe or capture their essences/properties. 
Hopefully, we can further compute their physical observables. 


e By classification, we mean that given the spacetime dimensions (here d+1d for higher-SPTs or 
dd for higher quantum anomalies), their H-structure and the internal higher global symmetry 
G, we aim to know how many classes (a number to count them) there are? Also, we aim to 
determine the mathematical structures of classes (i.e. here group structure as for (co)bordism 
groups: would the classes be a finite group Z, or an infinite group Z or their mixing, etc.). 


Another purpose of this article is a companion article with further detailed mathematical cal- 
culations in order to support other shorter articles [18-20]. 


In this Introduction, we will provide some basic physics preliminaries in Sec. 1.2 and mathe- 
matical preliminaries in Sec. 1.3. Since the concepts of higher symmetries and higher anomalies are 
crucial, we will also clarify what precisely we mean by higher symmetries/anomalies in condensed 
matter, in QFTs and in mathematics, in Sec. 1.4. 


After some additional introduction to mathematical background in Sec. 2, we will provide 


explicit interpretations of familiar examples (to QFT-ist and physicists) of perturbative anomalies 
in Sec. 3.1: 


(1): Perturbative fermionic anomalies from chiral fermions with U(1) symmetry, originated from 
Adler-Bell-Jackiw (ABJ) anomalies [21,22]. 


(2): Perturbative bosonic anomalies from bosonic systems with U(1) symmetry. 
We will also provide more exotic non-perturbative global anomalies in Sec. 3.2: 


(3): The SU(2) anomaly of Witten [23]. 
(4): A new SU(2) anomaly [24], 


matching the physics results of dd anomalies to mathematical cobordism group calculations in 
(d+ 1)d. 


We briefly comment the difference between a previous cobordism theory [4,25] and this work: 
In all Adams charts of the computation in [4,25], there are no nonzero differentials, while in this 
paper we encounter nonzero differentials d,, due to the (p, p")-Bockstein homomorphisms in the 
computation involving B?Z,» and BZpr. 


1.2 Physics preliminaries 


Freed-Hopkins's work [4] is motivated by the development of cobordism theory classification [26,27] 
of so-called the Symmetry Protected Topological (SPT) state in condensed matter physics [6]. In a 
very short summary, Freed-Hopkins's work [4] applies the theory of Thom-Madsen-Tillmann spectra 
[1,3], to prove a theorem relating the “Topological Phases" (which later will be abbreviated as TP) 
or certain deformation classes of reflection positive invertible n-dimensional extended topological 
field theories (¡TQFT) with symmetry group (or in short, symmetric iTQFT), to Madsen-Tillmann 
spectrum [3] of the symmetry group. 


Here an n-dimensional extended topological field theory is a symmetric monoidal functor F from 
the (oo, n)-category of extended cobordisms Bord, (Hn) to a symmetric monoidal (oo, n)-category C 
where Bord, (H,) is defined as follows (all manifolds are equipped with H-structures, see definition 


1): 


e objects are 0-manifolds; 
e 1-morphisms are 1-cobordisms between objects; 


e 2-morphisms are 2-cobordisms between 1-morphisms; 


e n-morphisms are n-cobordisms between (n — 1)-morphisms; 


e (n+ 1)-morphisms are diffeomorphisms between n-morphisms; 


e (n+ 2)-morphisms are smooth homotopies between (n + 1)-morphisms; 


An n-dimensional extended topological field theory is called invertible if F factor through the 
Picard groupoid C*. By a theorem of Galatius-Madsen-Tillmann-Weiss [3], the classifying space of 
Bord, (Hn) is exactly the 0-th space of the Madsen-Tillmann spectrum X" MT H;. 


In this work, we will consider the generalization of [4] to include higher symmetries [9], for 
example, including both 0-form symmetry of group Gig) and 1-form symmetry of group Gu, or in 
certain cases, as higher symmetry group of higher n-group.? Other physics motivations to study 
higher group can be found in [28-31] and references therein. 


We generalize the work of Freed-Hopkins [4]: there is a 1:1 correspondence 


deformation classes of reflection positive 
invertible n-dimensional extended topological $ = [MT(H x 6), Y"* ! IZ tors. (1.1) 
field theories with a symmetry group H. x 6 


where H is the space time symmetry, G is the internal symmetry which is possibly a higher group, 
MT(H x 6) is the Madsen-Tillmann spectrum [3] of the group H x G, X is the suspension, IZ is 
the Anderson dual spectrum, and tors means the torsion part. 


Since there is an exact sequence 
0 > Ext! (1,B, Z) > [B, "*! IZ] + Hom(z4418, Z) — 0 (1.2) 


for any spectrum B, especially for MT(H x G). The torsion part [MT(H x 6), £” +1IZ]tors is 
Ext! (m, MT(H x G))tors, Z) = Hom((r4 MT(H x G))tors, U(1)). 


By the generalized Pontryagin-Thom isomorphism (1.10), ze MT(H x C) = 0*9 = OF (BC) 
which is the bordism group defined in definition 2. 


Namely, we can classify the deformation classes of symmetric iTQFTs and also symmetric 
invertible topological orders (iT Os), via the particular group 


TP,,(H x 6) = [MT(H x G), "+! IZ]. (1.3) 


Here TP means the abbreviation of “Topological Phases” classifying the above symmetric iT QFT, 
the torsion part of TP,(H x 6) and OZ (BG) are the same. 


2 For the physics application of our result, please see [18-20]. Some of these 4d non-Abelian SU(N) Yang- 
Mills [15]-like gauge theories can be obtained from gauging the time-reversal symmetric SU(N)-SPT generalization of 
topological insulator/superconductor (TI/SC) [25]. We can understand their anomalies of 0-form symmetry of group 
Gio) and 1-form symmetry of group Gi), as the obstruction to regularize the global symmetries locally in its own 
dimensions (4d for YM theory). Instead, in order to regularize the global symmetries locally and onsite, the 4d gauge 
theories need to be placed on the boundary of 5d higher SPTs. The 5d higher SPTs corresponds to the nontrivial 
generators of cobordism groups of higher classifying spaces. We write G(o, or Ga to indicate some 0-form symmetry 
probed by 1-form a field. We write Ga) or Gp to indicate some 1-form symmetry probed by 2-form b field. 
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In this work, we compute the (co)bordism groups Q/(BC) (TPa(H x G)) fo H = 
O/SO/Spin/Pin* and several C, we also consider 29 where BG is the total space of the nontrivial 
fibration with base space BO and fiber B?Z» in section 4.1. 


If there is a nontrivial group action between H and G (let us denote the action as the semi-direct 
product x), or if there is a shared common normal subgroup Nsharea or sub-higher-group between 
H and G, then we can generalize our above proposal eqn. (1.1) and eqn. (1.3) to 


deformation classes of reflection positive 


invertible n-dimensional extended topological } =|[MT( 2 x 6 ), EH IZ]os. (1.4) 
field theories with a symmetry group ( xm xe) shared 
and 
H x G H x G 
TP (E) = [MT( 2) yz. (1.5) 
N, shared N, shared 


For readers who wishes to explore other physics stories and some introduction materials, we 
suggest to look at the introduction of [25] and other shorter articles [18-20, 32, 33]. In particular, 
Ref. [33] provides a condensed matter interpretation of higher symmetries. We also encourage 
readers to read the Section I to III of [18]. 


We will explore the generic manifold with H-structure, including the orientable H — SO, Spin, 
etc., or unorientable H = O, Pm" In physics, the quantum system that can be put on an 
unorientable H manifold implies that there is a time-reversal symmetry or a reflection symmetry 
(commonly termed the parity symmetry in an odd dimensional space). Physicists can find the 
introduction materials on the reflection symmetry and unorientable manifolds in Ref. [34,35]. 


For readers who wishes to explore other mathematical introductory materials, we suggest to 
look at the [4,36] and Appendices of [25]. 


Readers may be also interested in other recent work along the cobordism theory applications 
to physics [37] [38] [39] [40]. 


1.3 Mathematical preliminaries 


In this subsection, we review the basics of bordism theory and possible generalizations. 


Definition 1. If H is a group with a group homomorphism p : H — O, V is a vector bundle over 
M with a metric, then an H-structure on V is a principal H-bundle P over M, together with an 
isomorphism of bundles P x 7 O 2» Bo(V) where P x jy O is the quotient (P x O)/H where H acts 
freely on right of P x O by 

(p.g)  h — (p-h,p(h)!g, pe€ P, geO, heH 


and Bo(V) is the orthonormal frame bundle of V. 


In particular, if V — T'M, then an H-structure on T'M is also called a tangential H-structure 
(or an H-structure) on M. Here we assume the H-structures are defined on the tangent bundles 
instead of normal bundles. 
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Below we consider manifolds with a metric. 


Any manifold admits an O-structure, a manifold M admits an SO-structure if and only if 
wi(TM) = 0, a manifold admits a Spin structure if and only if w(TM) = w(TM) = 0, a 
manifold admits a Pint structure if and only if w2(T M) = 0, a manifold admits a Pin” structure if 
and only if w(TM) +w¡(T My? = 0. Here w;(T'M) is the i-th Stiefel- Whitney class of the tangent 
bundle of M. 


Moreover, we can consider manifolds equipped with a map to a fixed topological space X, we 
are interested in the case when X is an Eilenberg-MacLane space since 


[M, K(G,n)] = H"(M,G) 


where the left hand side is the group of homotopy classes of maps from M to K(G,n), the right 
hand side is the n-th cohomology group of M with coefficients in G. 


Definition 2. Let A be a group, X be a fixed topological space, we can define an abelian group 


Qf (X) :— ((M, f)| M is a closed 
n-manifold with H-structure, f : M — X is a map] /bordism. (1.6) 


where bordism is an equivalence relation, namely, (M, f) and (MT, f^) are bordant if there exists a 
compact n + 1-manifold N with H-structure and a map h : N > X such that the boundary of N is 
the disjoint union of M and M', the H-structures on M and M' are induced from the H-structure 
on N and h|y =f, him = f. 


In particular, when X = B?Z,, f : M > B?Z, is a cohomology class in H?(M, Zn). When 
X = BG, with G is a Lie group or a finite group (viewed as a Lie group with discrete topology), 
then f : M — BG is a principal G-bundle over M. 


To explain our notation, here BG is a classifying space of G, and B?Z,, is a higher classifying 
space (Eilenberg-MacLane space K(Z,,,2)) of Zn. 


In the particular case that H — O and X is a point, this definition 2 coincides with Thom's 
original definition. 


In this article, we study the cases in which H = O/SO/Spin/Pin*, and X is a higher classifying 
space, or more complicated cases. 


If OF (X) = Gi x G2 x ++ x Gr where G; are cyclic groups, then group homomorphisms 
Qi : OB (X) — G; form a complete set of bordism invariants if à = (61, ¢2,...,¢r) : OP (X) > 


G4 X Go X +--+ X Gr is a group isomorphism. 


Elements of OH (X) are manifold generators if their images in G4 x Ga x --- x Gr under d 
generate G4 x Ga X--- x Gr. 


We first introduce several concepts which are important for bordism theory: 


Thom space: Let V > Y be a real vector bundle, and fix a Euclidean metric. The Thom space 
Thom(Y; V) is the quotient D(V)/S(V) where D(V) is the unit disk bundle and S(V) is the unit 
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sphere bundle. Thom spaces satisfy 
Thom(X x Y;V xW) = Thom(X;V) A Thom(Y;W), 


Thom(X, VOR") = YX"Thom(X;V), 
Thom(X, R”) = E"X. (1.7) 


where V — X and W > Y are real vector bundles, R” is the trivial real vector bundle of dimension 
n, Mis the suspension, Xy is the disjoint union of X and a point. 


We follow the definition of Thom spectrum and Madsen-Tillmann spectrum given in [2]. 


Thom spectrum [1]: MH is the Thom spectrum of the group H, it is the spectrification (see 
2.2) of the prespectrum whose n-th space is M H(n) = Thom(BH (n); Vn), and V, is the induced 
vector bundle (of dimension n) by the map BH (n) > BO(n). 


In other words, MH — Thom(BH;V), where V is the induced virtual bundle (of dimension 0) 
by the map BH > BO. 


Madsen-Tillmann spectrum [3]: MTH is the Madsen-Tillmann spectrum of the group H, it is 
the colimit of X"MT'H (n), where MT H(n) = Thom(BH (n); —V,,), and V, is the induced vector 
bundle (of dimension n) by the map BH(n) > BO(n). The virtual Thom spectrum MT'H (n) is 
the spectrification (see 2.2) of the prespectrum whose (n + q)-th space is Thom(B (n, n +q), Qa) 
where BH (n, n + q) is the pullback 


BH(n,n--q) - -  BH(n) (1.8) 


| 


| 
l 
al 
Gr, (R^**) ——> BO(n) 


and there is a direct sum R”+41 = V, @ Q, of vector bundles over Gr, (R"*?) and, by pullback, over 
BH (n, n + q) where R?*7 is the trivial real vector bundle of dimension n + q. 


In other words, MTH = Thom(BH; —V), where V is the induced virtual bundle (of dimension 
0) by the map BH — BO. 


Here Q is the loop space, X is the suspension. 


Note: “T” in MT'H denotes that the H-structures are on tangent bundles instead of normal 
bundles. 


(Co)bordism theory is a generalized (co)homology theory which is represented by a spectrum 
by the Brown representability theorem. 


In fact, it is represented by Thom spectrum due to the Pontryagin- Thom isomorphism: 


m(MTH) 
aM H) = QU the cobordism group of n-manifolds with normal H-structure (1.9) 


QH the cobordism group of n-manifolds with tangential H-structure, 
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In the case when tangential H-structure is the same as normal H'-structure, the relevant Thom 
spectra are weakly equivalent. In particular, MT'O = MO, MTSO = MSO, MT'Spin = MSpin, 
MTPin* ~ MPin~, MTPin” ~ MPin*. 


Pin* cobordism groups are not rings, though they are modules over the Spin cobordism ring. 


By the generalized Pontryagin- Thom construction, for X a topological space, then the group 
of H-bordism classes of H-manifolds in X is isomorphic to the generalized homology of X with 
coefficients in MT'H: 


OZ (X) = aq(MTH ^ X4) = MTH4(X) (1.10) 


where ma( MTH ^ X+) is the d-th stable homotopy group of the spectrum MTH ^ X+. The d-th 
stable homotopy group of a spectrum M is 


Ta(M) = colimi-+00Tq+x Mk. (1.11) 


So the computation of the bordism group d (X) is the same as the computation of the stable 
homotopy group of the spectrum MTH ^ X, which can be computed by Adams spectral sequence 
method. 


Next, we introduce the Thom isomorphism [1]: Let p : E > B be a real vector bundle of rank 
n. Then there is an isomorphism, called Thom isomorphism 


© : H*(B,Z3) > H^" (T(E), Z2) (1.12) 


where H is the reduced cohomology, T(E) — Thom(E; B) is the Thom space and 
$(b) = p*(b) UU (1.18) 


where U is the Thom class. We can define the i-th Stiefel- Whitney class of the vector bundle 
p: E B by 


wi(p) = 9 !(Sq'U) (1.14) 


where Sq is the Steenrod square. 


1.4 Basics of Higher Symmetries and Higher Anomalies of Quantum Field The- 
ory for Physicists and Mathematicians 


In order to obtain a complete classification of 't Hooft anomalies of quantum field theories (QFTs), 
we aim to first identify the relevant (if not all of) global symmetry G (here we will abuse the 
notation to have G including the higher symmetry C) of QFTs. Then we couple the QFTs to 
classical background-symmetric gauge field of G. Then we try to detect the possible obstructions 
of such coupling [13]. Such obstructions, known as the obstruction of gauging the global symmetry, 
are termed “ ’t Hooft anomalies” in QFT. In the literature, when people refer to “anomalies,” 
however, they can means several related but different issues. To fix our terminology, we refer 
"anomalies" to be one of the followings: 
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1. Classical global symmetry is violated at the quantum theory, such that the classical global 
symmetry fails to survive as a quantum global symmetry, e.g. the original Adler-Bell-Jackiw 
(ABJ) anomaly [21, 22]. 


2. Quantum global symmetry is well-defined and preserved (for the Hamiltonian or path inte- 
gral Lagrangian formulation of quantum theory). Namely, global symmetry is sensible, not 
only at a classical theory (if there is any classical description), but also for a quantum the- 
ory However, there is an obstruction to gauge the global symmetry. Specifically, we can 
detect a certain obstruction to even weakly gauge the symmetry or couple the symmetry to 
a non-dynamical background probed gauge field. (We may abbreviate this background field 
as "bgd.field.") This is known as “t Hooft anomaly,” or sometimes regarded as a “weakly 
gauged anomaly" in condensed matter. Namely, the partition function Z does not sum over 
background gauge connections, but only fix a background gauge connection and only depend 
on the background gauge connection as a classical field (as a classical coupling constant). 
Say if the background gauge connection is A, the partition function is Z[A] depending on 
A. Normally, the Z[4] on a closed manifold in its own dimension is an invertible topological 
QFT (iTQFT), such that Z[A] = exp(10(.A)) is a complex phase (thus physically meaningfully 
invertible) while its absolute value |Z|A]| = 1 for any choice of background A. 


3. Quantum global symmetry is well-defined and preserved (for the Hamiltonian or path integral 
Lagrangian formulation of quantum theory). However, once we promote the global symme- 
try to a gauge symmetry of the dynamical gauge theory, then the gauge theory becomes 
inconsistent. Some people call this as a “dynamical gauge anomaly" which makes a quantum 
theory inconsistent. Namely, the partition function Z after summing over dynamical gauge 
connections becomes inconsistent or ill-defined. 


From now on, when we simply refer to “anomalies,” we mean mostly ^t Hooft anomalies," 
which still have several intertwined interpretations: 


Interpretation (1): In condensed matter physics, *t Hooft anomalies" are known as the obstruc- 
tion to lattice-regularize the global symmetry's quantum operator in a strictly local manner. By 
claiming local on a lattice or on a simplicial complex, we mean: 

e on-site (e.g. on 0-simplex) for which 0-form symmetry operator acts on. 

e on-link (e.g. on 1-simplex) for which 1-form symmetry operator acts on. 

e on-plaquette (e.g. on 2-simplex) for which 2-form symmetry operator acts on. 


e on n-simplex for which n-form symmetry operator acts on. 

This obstruction is due to the symmetry-twists (See [Ref. [41-43]] for QFT-oriented discussion and 
references therein). This obstruction can be detected at high energy lattice scale (known as the 
ultraviolet [UV] in QF T). This “non-onsite symmetry" viewpoint is generically applicable to both, 
perturbative anomalies, and non-perturbative global anomalies: 

e Perturbative anomalies — Characterized and captured by perturbative Feynman diagram calcu- 
lations. Classified by an infinite integer Z class, known as the free (sub)group. 

e Non-perturbative or global anomalies — Examples of global anomalies include the old and the new 
SU(2) anomalies [23,24] (here we mean their 't Hooft anomaly analogs if we view the SU(2) gauge 
field as a non-dynamical classical background field) and the global gravitational anomalies [44]. 
These are classified by a finite group Z;, class, known as the torsion (sub)group. 


'These anomalies are sensitive to the underlying UV-completion not only of fermionic systems, 
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but also of bosonic systems [42, 45-47]. We term the anomalies of QFT whose UV-completion 
requires only the bosonic degrees of freedom as bosonic anomalies [45]. While we term those must 
require fermionic degrees of freedom as fermionic anomalies. 


Interpretation (2): In QFTs, the obstruction is on the impossibility of adding any counter term in 
its own dimension (d-d) in order to absorb a one-higher-dimensional counter term (e.g. (d+ 1)d 
topological term) due to background G-field [48]. This is named the “anomaly-inflow [14].” The 
(d + 1)d topological term is known as the (d + 1)d SPTs in condensed matter physics [5, 49]. 


Interpretation (3): In math, the dd anomalies can be systematically captured by (d + 1)d 
topological invariants [23] known as bordism invariants [4, 26, 277, 50]. 


e Bosonic anomalies or bosonic SPTs are normally characterized by topological terms detected via 
manifolds with H — SO (orientable) or O (unorientable) structures. 

e Fermionic anomalies or fermionic SPTs are normally characterized by topological terms detected 
via manifolds with H — Spin (orientable) or Pin^ (unorientable) structures. 


Below we summarize the higher symmetry G systematically introduced in [9]. 


(i) Higher symmetries and higher anomalies: The ordinary 0-form global symmetry has a charged 
object of 0d measured by the charge operator of (d — 1)d. The generalized q-form global symmetry 
is introduced by Ref. [9]. A charged object of qd is measured by the charge operator of (d — q — 1)d 
(i.e. codimension-(q + 1)). This concept turns out to be powerful to detect new anomalies, e.g. 
the pure SU(N)-YM at 0 = « has a mixed anomaly between 0-form time-reversal symmetry Z7 
and 1-form center symmetry Zw, at an even integer N, firstly discovered in a remarkable work 
[Ref. [16]]. 


(ii) Relate (higher)-SPTs to (higher)-topological invariants: In the condensed matter literature, 
based on the earlier discussion on the symmetry twist, it has been recognized that the classical 
background-field partition function under the symmetry twist, called Zsym.twist in (d + 1)d can be 
regarded as the partition function of (d + 1)d SPTs Zsprs. These descriptions are applicable to 
both low-energy infrared (IR) field theory, but also to the UV-regulated SPTs on a lattice, see 
(Ref. [26,41,42]] and References therein. Schematically, we follow the framework of [42], 


d+1)d d 4- 1)d d 4- 1)d d+ 1)d a 
Z2 4 = Zu = zo = A ii a dd-(higher) 't Hooft anomaly. (1.15) 
In general, the partition function Zsym.twist = Zsprs[A1, Bo, wi,...] is a functional containing 


background gauge fields of 1-form Au, 2-form Bə or higher forms; and can contain characteris- 
tic classes [51] such as the i-th Stiefel-Whitney class (w;) and other geometric probes such as 
gravitational background fields, e.g. a gravitational Chern-Simons 3-form CS3(T') involving the 
Levi-Civita connection or the spin connection I. For our convention, we use the capital letters 
(A, B, ...) to denote non-dynamical background gauge fields (which, however, later they may or may 
not be dynamically gauged), while the little letters (a,b, ...) to denote dynamical gauge fields. 
More generally, 

e For the ordinary 0-form symmetry, we may couple the charged Od point operator to 1-form back- 
ground gauge field (so the symmetry-twist occurs in the Poincaré dual codimension-1 sub-spacetime 
[dd] of SPTs). 
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e For the 1-form symmetry, we may couple the charged 1d line operator to 2-form background gauge 
field (so the symmetry-twist occurs in the Poincaré dual codimension-2 sub-spacetime [(d — 1)d] of 
SPTs). 

e For the q-form symmetry, we may couple the charged qd extended operator to (q + 1)-form back- 
ground gauge field. The charged qd extended operator can be measured by another charge operator 
of codimension-(q 4- 1) [i.e. (d — q)d]. 

In summary, for the q-dimensional symmetry, we use the following terminology: 


(O 1): Charged object: The charged q-dimensional extended operator as the q-dimensional-symmetry 
generator which is being measured by a symmetry generator. 


(O 2): Charge operator: The corresponding charge operator of codimension-(q + 1) [i.e. (d — q)- 
dimension] which measures the q-dimensional-symmetry charged object. 


So the symmetry-twist can be interpreted as the occurrence of the codimension-(q + 1) charge 
operator. In other words, the symmetry-twist happens at a Poincaré dual codimension-(q 4- 1) 
sub-spacetime [(d — q)d] of SPTs. We shall view the measurement of a charged qd extended object, 
happening at any q-dimensional intersection between the (q + 1)d form background gauge field and 
the codimension-(q + 1) symmetry-twist or charge operator of this SPT vacua. 


By higher-SPTs, we mean SPTs protected by higher symmetries (for generic q, especially for any 
SPTs with at least a symmetry of q > 0). So our principle above is applicable to higher-SPTs [12,30]. 
In the following of this article, thanks to (1.15), we can interchange the usages and interpretations 
of “higher SPTs Zsprs,” “higher topological terms due to symmetry-twist Zor » “higher 


sym.twist? 
topological invariants zo e or “bordism invariants Wo de onc in (d+ 1)d. They are all 
physically equivalent, and can uniquely determine a dd higher anomaly: if we study the anomaly 
of any boundary theory of the (d+ 1)d higher SPTs living on a manifold with dd boundary. Thus, 
we regard all of them as physically tightly-related given by (1.15). By turning on the classical 
background probed field (denoted as “bgd.field” in (1.16)) coupled to dd QFT, under the symmetry 


transformation (i.e. symmetry twist), its partition function Zr can be shifted 


zd Zt P (bed. field), (1.16) 


7 dà i 
BET bgd.field%0 


bgd.field=0 


to detect the underlying (d+1)d topological terms/counter term/SP Ts, namely the (d+1)d partition 


function zm To check whether the underlying (d+1)d SPTs really specifies a true dd ’t Hooft 


anomaly unremovable from dd counter term, it means that zT (baq field) cannot be absorbed 
by a lower-dimensional SPTs Z4. (bgd.field), namely 


KEN . ZT Da od field dd 74, (bed field). T 
QFT|, ang ^ Sie (bgd.field) 4 ZQFT odas spTs(bgd.field) (1.17) 


Readers can find related materials in [18,32]. 


1.5 The convention of notations 


We explain the convention for our notations and terminology below. Most of our conventions 
follow [4] and [25]. 
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We denote O the stable orthogonal group, SO the stable special orthogonal group, Spin 
the stable spin group, and Pin” the two ways of Zə extension (related to the time reversal 
symmetry) of Spin group. 


Z4 is the finite cyclic group of order n, n is a positive integer. 
A map between topological spaces is always assumed to be continuous. 


For a (pointed) topological space X, X denotes a suspension YX = S'AX = (91x X)/(S!v X) 
where ^ and V are smash product and wedge sum (one point union) of pointed topological 
spaces respectively. For a graded algebra A, A = @, Aj, XA is the graded algebra defined by 
XA = Q,(4); where (34); = Aj. 4. 


For a (pointed) topological space X with the base point zo, QX is the loop space of X: 
QX = (y: I — X continuous|4(0) = y(1)= zo}. (1.18) 


Let R bearing, M a topological space, H* (M, R) is the cohomology ring of M with coefficients 
in R. 


We will abbreviate the cup product x U y by xy. 


If M, (or simply M) is a d-dimensional manifold, then TM, (or simply TM) is the tangent 
bundle over Ma (or M). 


Rank r real (complex) vector bundle V is a bundle with fibers being real (complex) vector 
spaces of real (complex) dimension r. 


wi(V) is the i-th Stiefel- Whitney class of a real vector bundle V (which may be also complex 
rank r but considered as real rank 2r). 


pi(V) is the i-th Pontryagin class of a real vector bundle V. 


ci(V) is the i-th Chern class of a complex vector bundle V. Pontryagin classes are closely 
related to Chern classes via complexification: 


pi(V) = (-1)'ex(V OR C) (1.19) 


where V &g C is the complexification of the real vector bundle V. The relation between 
Pontryagin classes and Stiefel- Whitney classes is 


pi(V) = wo (Vy mod 2. (1.20) 


For a top degree cohomology class we often suppress explicit integration over the manifold 
(i.e. pairing with the fundamental class [M]). If M is orientable, then [M] has coefficients in 
Z. If M is non-orientable, then [M] has coefficients in Za. 


If x is an element of a graded vector space, |x| denotes the degree of zx. 


For an odd prime p and a non-negatively and integrally graded vector space V over Z,, let 
Veven and V?dd be even and odd graded parts of V . The free algebra Fz,|V] generated by 
the graded vector space V is the tensor product of the polynomial algebra on V*"** and the 
exterior algebra on Vodd; 


Fa [V] = Z, [V] @ Az, (V 999. (1.21) 


We sometimes replace the vector space with a set of bases of it. 
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A, denotes the mod p Steenrod algebra where p is a prime. 
Sq” is the n-th Steenrod square, it is an element of A2. 
Az2(1) denotes the subalgebra of Aa generated by Sq! and Sq?. 


Pony : H* (~, Zm) > H**!(—,Z,) is the Bockstein homomorphism associated to the exten- 


sion Za 2 Znm — Zm, when n = m = p is a prime, it is an element of Ap. If p — 2, then 
D(2,2) = Gol. 


P% : H*(—, Zp) > H*+2n(P-1)(—, Zp) is the n-th Steenrod power, it is an element of A, where 
p is an odd prime. For odd primes p, we only consider p = 3, so we abbreviate P? by P". 


Pa is the Pontryagin square operation H?(M,Z4.) > H“ (M, Zək+1). Explicitly, P» is given 
by 


Palx) = cUr+xU dz mod 2**1 (1.22) 
and it satisfies 
Pala) =xU mod 2". (1.23) 


Here U is the higher cup product. 
1 


Postnikov square Pz ` H?(—, Zak) > H?(—, Zgu+1) is given by 


B3(u) = Daten gk) (u Uu) (1.24) 


where Danz 3x) is the Bockstein homomorphism associated to 0 > Zon — Z32k+1 > Lar > 


For a finitely generated abelian group G and a prime p, CG, = lim, G/p"G is the p-completion 
of G. 


For a topological space M, r¿(M) is the d-th (ordinary) homotopy group of M. 


For an abelian group G, the Eilenberg-MacLane space K(G,n) is a space with homotopy 
groups satisfying 


G, i=n. 


£s (1.25) 


n; K(G,n) = { 


Let X, Y be topological spaces, [X, Y] is the set of homotopy classes of maps from X to Y. 
Let G be a group, the classifying space of G, BG is a topological space such that 

[X, BG] = {isomorphism classes of principal G-bundles over X1 (1.26) 
for any topological space X. In particular, if G is an abelian group, then BG is a group. 


There is a vector bundle associated to a principal G-bundle Pg: Pa xe V = (Pa x V)/G 
which is the quotient of Pg x V by the right G-action 


(p,v)g = (pg, g*v) (1.27) 


where V is the vector space which G acts on. For characteristic classes of a principal G-bundle, 
we mean the characteristic classes of the associated vector bundle. 
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1.6 Tables and Summary of Some Co/Bordism Groups 


Below we use the following notations, all cohomology class are pulled back to the d-manifold M 
along the maps given in the definition of cobordism groups: 

e w; is the Stiefel- Whitney class of the tangent bundle of M, 

e a is the generator of H! (BZ2, Z2), 

e a’ is the generator of H!(BZ3, Z3), b = Daag, 

e x2 is the generator of H?(B?Z5, Z3), 13 = Bola, £5 = Sq?x3, 

e z^ is the generator of H?(B?Z5, Z3), x5 = D(s,3)5, 

e ui = w;(PSU(2)) e H'(BPSU(2), Z2) is the Stiefel- Whitney class of the principal PSU(2) bundle, 
e c; = cj((PSU(3)) € H” (BPSU(3), Z) is the Chern class of the principal PSU(3) bundle, 

e z2 = wo(PSU(3)) e H?(BPSU(3), Z3) is the generalized Stiefel-Whitney class of the principal 
PSU(3) bundle, z3 = (3,3) 22. 

e P» is the Pontryagin square (see 1.5). 

e 83 is the Postnikov square (see 1.5). 

Conventions: All product between cohomology classes are cup product, product between a coho- 
mology class x and 7 (or Arf, ABK, etc) means the value of 7 (or Arf, ABK, etc) on the submanifold 
of M which represents the Poincaré dual of zx. 


B x |B x | BPSU(2)x | BPSU(3)x 
Hr 2 2 2 3 
07) B^Z5 B^Z3 | BPSU(2) | BPSU(3) B?Z; B?Z7; B?Z, B2Z; 
Za: Z3: Zo: Z3: Za: Za: Zi "E 
2 SO / / / / 
X2 To Wa 29 X2 Lo Wa, T2 Lo, 22 
3. 3 
Em E 25: 22. OP peus Za x Z3 £5 de. 
2 Spin Arf Z3: "e Z3: x2, Arf, Arf x! wh, Ta, Arf, £3, 
aa Arf, 25 2 Arf, za | añt TT Arf Z2 
2 2 75: ; 73 : : 
Z5 : Z5: Z5: Z»: E Z5: : Za 
20 To. W w2 w! w2 w2 a’, T2, w2 Wa, T2, w2 
2, WI 1 2; WI 1 w? 1 w? 1 
2 2 2 Z3 : 
2 Pin* ek S La S 23 Am Zy: “aa =| 4 Wh, £2, La H 
z2, W1) | W1 Wa, W1 wn a”, £2, wn wi wn 
win 7 i 
Za X Za x PASEA 72 x Zg a 
2 Pin” Zs : Zg H Zs H Zg : Zg H Zg S a m Zg a 
y ` 6 2» > 
25, ABK] ABK w}, ABK ABK od ; ABK ABK ABK 


'Table 1: 2d bordism groups. 


3 Arf is the Arf invariant of Spin 2-manifolds. 

^ jj is the “mod 2 index" of the 1d Dirac operator (#zero eigenvalues mod 2, no contribution from spectral 
asymmetry). 

*ABK is the Arf-Brown-Kervaire invariant of Pin” 2-manifolds. 

$Any 2-manifold Y always admits a Pin” structure. Pin” structures are in one-to-one correspondence with 
quadratic enhancement 


q:H'(3,Z3) > Za (1.28) 
such that 
de (a - a) ai) o2 Laun moda. (1.29) 
In particular: 
a(x) = | zuz mod 2. (1.30) 
x 
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B x |B x | BPSU(2)x | BPSU(3)x 
x 2 2 2 3 
( ) B Za B Z3 BPSU(2) BPSU(3) B?2Z, DZ B?Z; B?Z; 
2 S 
3 SO 0 0 0 0 z 3 eh Dal 0 0 
ax2, a a b ax 
R Za x Zg S Z3 3 
3 Spin | 0 0 ° i az2,aABK "oh, or 9 ? 
T. 2 
Za Z5 £x = "s = 
30 T3 =1|0 ws = 0 us ME RS Ki 0 
172, 4L2, W122; W3 = 
E wiw aw? a? wiw, 
-E 4 2. 
7? 2 l 73 : Z5 R 
? ud m Z5 : ww, Es Zə . S ,wW1T2 = Zo e * Zo . 
£3, w Arf wh, w Arf di . | wiArf W3 UT =| ay, Arf 
ax2, W]0N, 23, 
wj; Arf w; Arf wy Arf w Arf 
75: 2^. 
Za : Za : a?, w2a, 7 FT 
3 Pin- | wzo 0 wiw, 0 T3 = 0 SCC 0 
= x3 = w3 W122, = 
W122 = T3 
ax2 


Table 2: 3d bordism groups. 


Y Qs ` H?(M ,Z2) — Za is a Z4 valued quadratic refinement (dependent on the choice of Pin* structure s € 
Pint (M)) of the intersection form 
6) : H?(M, Z2) x H?(M,Z2) > Za 
ie. so that qs(z + y) — qs(x) — qs(y) = 2(x, y) € Za (in particular qs(z) = (2, 7) mod 2) 
The space of Pint structures is acted upon freely and transitively by H! (M, Z3), and the dependence of qs on the 
Pin* structure should satisfy 


ds+nla) — qs(x) = 201 (TM)hx, for any he H' (M,Za) 
(note that any two quadratic functions differ by a linear function) 
If ui (TM) = 0, then qs(x) is independent on the Pint structure s € Pin* (M), it reduces to Datz) where P2(x) is 
the Pontryagin square of x. 
5Here 7 is the usual Atiyah-Patodi-Singer eta-invariant of the 4d Dirac operator (=“#zero eigenvalues + spectral 
asymmetry"). 
H one can also define this Z4 invariant as 


(nso) — 3n)/4 € Z4 (*) 


where 7 € Zig is the (properly normalized) eta-invariant of the ordinary Dirac operator, and mso(s; € Zi6 is the 
eta invariant of the twisted Dirac operator acting on the S & V3 where S is the spinor bundle and V3 is the bundle 
associated to 3-dim representation of SO(3). Note that (x) is well defined because nso(3) = 3n mod 4. 

Note that on non-orientable manifold, if w2(V3) = 0, then since w1(V3) = 0, we also have w3(V3) = 0, hence V3 is 
stably trivial, nso(a) = 3. 

Also note that on oriented manifold one can use Atiyah-Patodi-Singer index theorem to show that (here the 
normalization of eta-invariants is such that 7 is an integer mod 16 on a general non-oriented 4-manifold) 


T]so(3) = — SOM) + 4pı (SO(3)). 
So 
(Mso(s) — 3n)/4 = p1(SO(3)) mod 4 = P2 (wa(SO(3))). 


qs (w2(SO(3))) also reduces to P2(w2(SO(3))) in the oriented case. 
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BZ; x |BZ; x | BPSU(2)x | BPSU(3)x 
OF(-) | Bz B?Z3 | BPSU(2) | BPSU(3 
S? ) 2 3 ( ) ( ) B?Z5 BZ; B?Z; B2Z3 
Z x Za x 
7. Z x EE ? x Zo x xp 
4 SO Z x Zu X £3: Z? Z2 E c, Z4: S 
12 , T, C2 
O, Po(x2) 0, 1» 0, Pr O, C2 ara = a?r or = b a5, 0, pi 2 ` 
3 25 q ie P (x ) T3 , 922 
(GIN 2 2942: 1 272 
2, 2, Z* x72 
Ex Z x Z5: Z x Z3: e 72 x 72 
c X Z3: | 22: Ze: fe Z, <4, HL. 
4 Spin 16? c 12 p, 2 7g , C2 
Palas) ig: 23 acu 35502 arg = a^z2, | az — Ni wx», 167 E 
2 Palz2) al P»2(z2) Ta , T222 
5 Pa(z2) 
Z5: Zi 
4 2 4 3. d ga 4,2 3. 
Sata Lana E. Fe MET 
40 x5, wÎ, | Wy; wy, wi, | Wi, ws, a*, up. wt w2 Eo UR. QUT, w5, 
w2z2,w2| we w2w^5,w2| co(mod 2) | axz,z2, E maat, ww? co(mod 2) 
w2a?, w ao W512 
Z5 x Z4 X 
Zs X L146: Z4 X Z16 X 
Z4 x Z4 x 8 16 4 16 
Z Zu: Z Zə x Lig: | azz, waz = De Zo: Zə x Zig: 
4 Pin" pu » 16" a | c2 (mod 2), | aay + aa, we qs(w5), co (mod 2), 
gs(2)', | 7 qs(w3)”, n 
n n n qs(x2), qs(22), 7] 
w¡0ABK, N, Wir 
M 
2* 73: 
__ | Zo: Za: Za: ur, 23, ae Za: 
4 Pin 2 0 2.) 0 WIW, 
Wy T2 ww» ca(mod 2) | w,axs = 5 j c2(mod 2) 
132,522 
alza + az3 Lir 


'Table 3: 4d bordism groups. 


In Section 4.1, we compute the topological terms (involving the cohomology classes of B?Z2) of 
OF where C is a 2-group with Ga = O, Gy = Zə We find that the term x2w3 (or xa3w») survives 
only for 6 = 0, w? (the Postnikov class 6 € H?* (BO, Z2) = Z3 which is generated by w3, wiwo, ws). 
This term also appears in eq. 2.57 of [17]. 


)= aos is the Chern-Simons 3-form of the tangent bundle. 

SO(3)) = Qa poo» is the Chern-Simons 3-form of the SO(3) gauge bundle. 
(3) = coe is the Chern-Simons 3-form of the PSU(3) gauge bundle. 

PSU(3)) = Qs Po» is the Chern-Simons 5-form of the PSU(3) gauge bundle. 
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BZ» x | BZa x | BPSU(2)x | BPSU(3)x 
QH(—)| BZ B?Z BPSU(2) | BPSU(3 
dl ) 2 3 ( ) ( ) B2Z, Biz, B2Z, B2Z, 
2 4. 
Z$: Za x Z3 x Z5: 
2 ^ UNI E 
75 72. NN. Zy whwh, £5 Zo X Za: 
5 SO X5 = | Zo: noh Zo: 5 Si _ | W2W3, 21213, 214, 
— / 
xoc 213 T W2W3 5 a/U af. whxa = £243 = 
243» um i 3 2> 3 
WyWz 1213, 0 L2, 1.12 / / 
WW a x Wok — 2319 
23 2 25 273, 
W2W3, QU» v 
B3(0') W2W3 
22 x Z9 Z Za: 
os Hag 2 3: 
9 Spi a ir whee zox! 
pin | 0 0 0 0 3 112 372 23 
a? £a a $3, 1 1 
pe MA AA 
PE 
75 Z3: 0,013, Z3 
2° 3 3,,,2 UN / 
1213, Zo: wows Zo: Q 12,0 Wy, Zo: 105103, 22003, Zo: 
50 T5, orc ax2,awT, wiws, mr, 
2 W2W3 Wy Ws, W2W3, 2 2 | W2W3 2 W2W3 
0123, "m 0:201; QU», 1213, 0113, 
203 2 
2103 1213, 0123, T5, W2W3 
T5, W2W3 
Zi 
4 
19, Z5: 
a? —wuta?, 2. 
2 Wy W3 
72 Wilaz= X 
2 Zə 143 5s = wz, 
. XX roc 
Pur oe 0 ww. 0 2 0 wrs =x5, | 0 
wiT3 NEUEN, HSG EIS = / 
Ge = W3WwW3 aaa X223, 312; 
p whr3t+wyre 
3» 
ax 
5: 
2,3 3. 
WIA? , 1213, Z3: 
: Zo: wax 1223, WZT2 
5 Pin” ^? 0 0 0 Lya 0 E, 
12:3 WwW 1axr3 = W]W2T9 = 
a?z3, watz +W3T2 
a3» 


'Table 4: 5d bordism groups. 
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TP4(Hx-—)| BZ Bä, | PSU(2) | PSU(3) | Za x BZ: | Za x BZ3 c m * y à 
Z2 Z3 
9 SO Z5: Z5: Z5: Z5: Z5: Z5: Z3: Z2: 
T2 2 Ws Zo 22 ge Wh 2 Lh, 22 
2. 2 X E CA la xl: Z3: Zə x Z2 
2 Spin a Arf Z3: s. “Arf Z3: xo, Arf, red ul 22, Arf Em 
2» Art zi | “2 Arf,z2 | añ Mi Arf z2 
20 Z2: Zo: Za: Zo: SC Z5: SC Z5: 
ed Ia léi A Ia (äm Ju 
Sc Wy 
75: 3 
ie i Z2 Za: TAs La: wa = Za: Zi: La: 
2 Pin S 2 E $ wh, x 
x2, wù | wi wy, mn | W1N) a?, £9, win SE win 
wi S wn 
Zə x Z3 x edem 2 
m x Za: E Zs : Zs : Zs: Paes Dg 
2 Pin Zo: ABK Zg: w xr 8 
za, ABK wh, ABK ABK mz, q(a), ABK ABK ABK 
Table 5: TP. 
TPa(H x-)| Dis BZ; PSU(2 | PSU(3) |Z2xBZz | Zs x BZ; M j UM á 
3 l 
Z: Z: Zn 7? EPT Z x Z2: zt m 
3 SO Leef Dip 10g (7M) los d Seet" ee log. LOB MA Lost), 
3 3 3 3 aseo) Cg (Sut. j amo, a3 av, ala, os Eo) T 
KP 2. Z x Za Xx 
: Z 2: 23 2. 
SN Z: : iag@™) | 4 OST, 8: : S e 1 mol(TM) e xe (TM) 
pin Lost™ 1 ed 13 "| B 1 cg | 3308; CS3 ^5 CS3 
1 cgo) Cs(rStcn BOSS ax daah SS 
Zo: Zo Z3 : 72 : 
30 $3 = 0 wh = 0 79 ~ 10 "M gf 
wy 1x2 wiw, er ~ ir. W3 = 
aw, a W]W 
72 l 72 . Z3 : 73 i 
x pen / 
3 Pint wiz = | Za: wiw} = Za: a W122 = | Z3: RES ~ | Zo: 
23, wy Art wh, ww, Arf T3, 1w1 Arf W3, WIX? =| ay, Arf 
w Arf w Arf Mi CLING Wat 
wy Art wy Art 
Z5: EE 
Zo: Zo: a?, w2a, wiw = 
3 Pin” witz = | 0 wiw,= | 0 £3 = 0 wh, 0 
T3 w3 W122, wx = 
aT? T3 
Table 6: TP3. 
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TPy(H x —)| BZ) BZ; | PSU(2  PSU(3) | Za x BZ» | Za x BZ3 PSU(2) x | PSU(3) x 
B BZ 
Z3 X L4 Te : : 
Z4: Z3: E Ll 
4 SO Ss 0 0 axr3 = a X4 = 2 X £4: SS 
Pa(x2) X5 d ; ES whx9, Po(x2) a? dz 
2182 x 
2. 
Zo: Z ^ e 73: 
2: f = DT ; 
4 Spin P2(x2) P 0 0 oo peta wher Z3: 
2 23 a?» Nal 202) D 
Po(a2) or Pa(v2) T2 , 1222 
E T2 = 
2: Z5: 
4. 2, . 
aa Z5: La: Lo: wi, w2, 72. 401,402, Z3: 
40 r3 wi, | wi, wy, wy, | wiw, | af, axa, A 23, wy wi, w3 
2 2 w A CM pes 
WÍT2, W5| w5 ww, wå ca(mod 2)| azz, 23, 1 row, w^w2,| ca(mod 2) 
wa’, wid? wr2 
Z5 X Z4 X 
Zg x Z16 
Za X Z4 x Z > QX3 72 x Z16 X 
e . . 2 X £16: ` Zo: . 
A Pint Zig: Z16: Z16: e rod 2) war, = Z16 2 ; Z5 X Z8: 
qs (x2), n qs(w5), } a?£to+a23, n qs(w3), c2(mod 2), 
n 7] S qs(x2), qs (22), "7 
w¡aABK, 1) W222 
Ze 
2: 3 
: ] . Lo: 
4 Pin” Lo: 0 la: ; Z2: 122,43, 0 ui Z2: 
WÍT2 WÍW) co(mod 2)| w4axs = A co(mod 2) 
a?15 + axa ea 
Table 7: TP4. 
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PSU(2) x | PSU(3) x 
TP¿(H X —) BZ» BZ3 PSU(2) PSU(3) 2X B 2 3X B 3 B ( ) BZ ( ) 
2 3 
7 4. 
, z$: Zə x Z4 x | Z4: Z X La X 
Z5: ; Z9: w! w! m Z3: 
2 . Ze: Z x La: ax3, ar, 9 23,45 CS (PSU() 
SO X5 = Za (PSU(3))13 _ | W2W3, T213, 5 d 
5 102103, CS; ; U5 = HJ al H 
$223, W2W3 / / 3 a b Lo; 3:72 = 102103 , 
903 273 123,0” 22, Lë 2 / / 
W2W3 ax 323 £233 = 
203, Q2 2? 2a j 
: 98a (b^) w2W3 — 231) 
Z2xZ Z x Z3: 
3 9 : 
: Zo: a! b x! 22: Leck SU) 
5 Spin 0 0 0 lASCSUG) 3 Lt br = dins 
23085 a T2 a Lo ; / 22433 = 
` 09313 / 
: 98a (^) —231) 
Z5: » 
T213, 73: Ly: 
Is = Ar a?, a2z3, Z5; 
2 W2W3 3 3.2 nu / 
(we + wi)zs . a . a? £2, a?” WÍ, , WIWZ, TIWI) y. 
Za: ww =| Za: ^ 4 Za: 2 Za: 
2U n 3 ; QX5, Q4, 1s, WaT3, 
3 102103 iu», 102103 2 9| W2W3 2 102103 
(ws + w3)z2, BE gramm, 012, 2223, WÍT3, 
. 2 
wít3 = Ss 2213, W113, 15, W2W3 
wire, T5, W2W3 
103 
Ze 
4 5. 
wa, SC 
5 — ,,243 um 
Zas d W1G , wwz = 
* / / 
wítz= Wow 
2913, Zo: 1135 T5, 2 3 
f T£ UI 
5 Pin? T5 = 0 ww =| 0 E 3 0 1539 0 
2 "e wiar = X5; 
Wi L3 = ww 2, 2 1 
Hos a£3 +a 23, 1213, W3 T2, 
l w1az3 = wiwit = 
gra, "rk? 
a?xa 
Z5: 
2 3. 
wa? , 2273, Z3: 
" / 
5 Pin Z5: 0 0 0 wíaza, 0 23, W302, | 9 
1233 wags = wiwt = 
oa DE DE 
oi 
Table 8: TP5. 
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2 Background information 


For more information, see [31, 52-54]. 


2.1 Cohomology theory 
2.1.1 Cup product 


Let X be a topological space, an n-simplex of X is a map a: A” + X where 
A" = ((to, ti, ...,t4) € R ti E s = 1,8 > 0), (2.1) 
it is denoted by [|vo, ... , v;] where v; are vertices of A”. 


n-simplexes of X generates an abelian group C, (X), the elements of C,, (X) are called n-chains. 
A1 embeds in A” in the canonical way, define 9 : C,(X) > C, 4(X) by 


n 


90) = Y (alog (2.2) 


i=0 
It is easy to verify that 0? = 0, so (Ce(X), 0) is a chain complex. 
Let G be an abelian group, let C"(X,G) := Hom(C,(X),G), the elements of C”(X, G) are 


called n-cochains with coefficients G. Define 6 ` C"(X,G) > C"*!(X,G) by 6(a)(c) = o(0(c)), 
then 9? = 0, so (C*(X,G), ô) is a cochain complex. 


H"(X, G) is defined to be Fee em RS) . It is an abelian group, called the n-th co- 
homology group of X with coefficients G, the elements of the abelian group Z"(X, G) := Kero : 
C"(X,G) => C"*!(X,G) are called n-cocycles, the elements of B"(X,G) := Imó : C^-1(X,G) => 


C" (X, G) are called n-coboundaries. 
By abusing the notation, we also use [vo, ... , Un] to denote an n-chain. 


If G is additionally a ring R, then we can define a cup product such that H*(X, R) is a graded 
ring. First we define the cup product of two cochains: 


C"(X,R)x C"(X,R) > C"*"(X, R) 


(a,8) => aug (2.3) 
a U B([vo, A E AA Bases AA (2.4) 
where - is the multiplication in R. 
'The cup product satisfies 
(a U B) = (6a) U B + (-1)"a. U (68) (2.5) 
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aU 6 is a cocycle if both o and P are cocycles. If both o and P are cocycles, then o U 6 is 
a coboundary if one of a and P is a coboundary. So the cup product is also an operation on 
cohomology groups U : H"(X, R) x H"(X, R) > H"*"(X, R). The cup product of two cocycles 


satisfies 


aU B = (—1)"" 8 U a + coboundary (2.6) 


For the convenience of defining higher cup product, we use the notation i — j for the consecutive 
sequence from 7 to j 


age 4it+l1,---,7-1,7. (2.7) 
We also denote an n-chain by (0 — n). We use (a,c) to denote the value of a(o) for n-cochain a 
and n-chain c. 
Let fm be an m-cochain, An be an n-cochain, we define higher cup product fm U hn which yields 
an (m +n — k)-cochain: 
(fm U ha, (0, 1, +++ ,m+n—k)) 


= Y Cua (0 d0, 41 — da.) x (hn, (io > 61, 42 > das), (2.8) 
Usine «iy Xnd4m-—k 
and fm U hn — 0 for k > m or n or k < 0. Here i > j is the sequence i,2 4- 1,-:- ,7 — 1, j, and p is 


the number of transpositions (it is not unique but its parity is unique) in the decomposition of the 
permutation to bring the sequence 


Ü SH der dopo Sig Led edd dude (2.9) 
to the sequence 
0>m>+n-k. (2.10) 
For example 
m-1 l 
(fm U hn, (0, 1,: - ,m+n-— UN = 3 ES 
(fm (0=>1+n=>m+n=1) ha, tS 24m). (2.11) 


We can see that Ú = U. Unlike cup product at k = 0, the higher cup product of two cocycles may 


not be a cocycle. 
Steenrod studied the higher cup product of cochains and found a formula [55, Theorem 5.1]: 
ó(u U v) = ("Hu Dot (—1)PatP ty Dut du Uv+ (—1)?u U dv (2.12) 
where u is a p-cochain, v is a q-cochain. 
Also Steenrod defined Steenrod square using higher cup product: 


Sq? Caes Zn U Zn (2.13) 
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2.1.2 Universal coefficient theorem and Kiinneth formula 


If X is a topological space, R is a principal ideal domain (Z or a field), G is an R-module, then the 
homology version of universal coefficient theorem is 


H,(X,G) = H, (X, R) Qr G O Tor? (H, 4(X, R), G). (2.14) 


The cohomology version of universal coefficient theorem is 


H” (X, G) = Homg(H, (X, R), G) 9 Exthk(Hn-1 (X, R), G). (2.15) 


We will abbreviate Tor? by Tor, Ext] by Ext. 


If X and X' are topological spaces, R is a principle ideal domain and G,G” are R-modules 
such that Torf(G, G") = 0. We also require either 
(1) H4(X; Z) and H,,(X’; Z) are finitely generated, or 
(2) G' and H,(X”;Z) are finitely generated. 


'The homology version of Künneth formula is 


Ha(X x X, Gen G) 
~ Le HA, G) Or Ba (QC, G*)] e | eg Tor (H^ (5G) Hac. 1(X,6))]. — (16) 
'The cohomology version of Künneth formula is 
HA(X x X’,G@rG) 
~ | efo H*(X, G) ex H PU, Glo | eft) Tork (hx, 6), B7 (sen). (2.17) 


Note that Z and R are principal ideal domains, while R/Z is not. Also, R and R/Z are not 
finitely generate R-modules if R = Z. 


Special cases: 1. R= G' — Z. 
In this case, the condition Torf(G, G’) = TorZ(G, Z) = 0 is always satisfied. G can be R/Z, Z, 
Zn etc . So we have 
HX x X',G) 
~ | ofo H*(X, G) ez DI UE: z)] e | oft) Tor(H*(x, G), HF xc z))]. (2.18) 


Take X to be the space of one point in (2.18), and use 


G, ifn-0, 


. (2.19) 
0, ifn>0, 


H"(X,G)) = 
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to reduce (2.18) to 
H^(X,G) ~ H?(X; Z) 97 G O Tor(H**(X;,Z),G). (2.20) 


where X’ is renamed as X. This is also called the universal coefficient theorem which can be used 
to calculate H*(X, G) from H*(X; Z) and the module G. Here Tor = Tor. 


Homology version of (2.20) is just the universal coefficient theorem for homology with R = Z. 


2. R=G=G'=F is a field, Tor (G, G^) = 0. 


H'(X x X,F) = H*(X,F) @ H*(X”, P), (2.21) 
This is called the Künneth formula. 
There is also a relative version of Künneth formula [52, Theorem 3.18]: 
H (X A X',F) =H (X,F) @H EL (2.22) 


Here X A X' is the smash product, H is the reduced cohomology. 


2.2 Spectra 


Definition 3. e A prespectrum J, is a sequence {Tj} zu of pointed spaces and maps s, : XT, > 
Todd: 


e An ()-prespectrum is a prespectrum T, such that the adjoints t, : T; — (1,44 of the structure 
maps are weak homotopy equivalences. 


e A spectrum is a prespectrum T, such that the adjoints t, : T; > OT ¿+1 of the structure maps 
are homeomorphisms. 


Example 4. e Let X be a pointed space, Ty = 3? X for q > 0, then 7, is a prespectrum. 
e T, = S?, T, is a prespectrum. 
e Let G be an abelian group, 7; = K(G,q) the Eilenberg-MacLane space, Te is an Q- 


prespectrum. 


Spectrification: Let Te be a prespectrum, define (LT), to be the colimit of 


t tagi 
Ta — Tga —— DT, 


Namely, 
(LT) = colim soo T}, 


then (LT), is a spectrum. 
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Example 5. e T, = 9%, (LT), is a spectrum S. 


e Let G be an abelian group, Ty = K(G, q) the Eilenberg-MacLane space, (LT), is a spectrum 
HG (the Eilenberg-MacLane spectrum). 


Stable homotopy groups of spectra: Let M, be a spectrum, define 74M, to be the colimit of 


Td+ntn adjunction 
P 


Td Mg — —9 Td4n Mn+ Tatnt1Mn41. 


Namely, 


T4 M. = coliMn>00Tdyn Mn. 


Maps between spectra: If Me, Ne are two spectra, then for any integer k, the abelian group of 
homotopy classes of maps from M, to Ne of degree —k: Us, N,] y is defined as follows: a map in 
[M,, Ne] y is a sequence of maps Mn > Nat such that the following diagram commutes 


CA, —> XN (2.23) 


| | 


Mn+1 —> Nn+k+1 


where the columns are the structure maps of the spectra M, and Ne. If in addition the spectrum 
No is a ring spectrum, then the abelian groups [Me, Nel tr form a graded ring [Mo, Nal 


Example 6. 74M, = [S, M,]4. 


Cohomology rings of spectra: 


Definition 7. A ring spectrum is a spectrum H along with a unit map y : 5 > E and a multipli- 
cation map p: EA E > E. 


Example 8. Let R be a ring, then the Eilenberg-MacLane spectrum AR is a ring spectrum. 


The cohomology ring of a spectrum Me with coefficients in R is defined to be [Me, H R]—x. 


2.3 Spectral sequences 


In this paper, we use three kinds of spectral sequence: Adams spectral sequence, Atiyah-Hirzebruch 
spectral sequence, and Serre spectral sequence. 


2.3.1 Adams spectral sequence 


The Adams spectral sequence is a spectral sequence introduced by Adams in [56], it is of the form 


Ej" = Ext (H*(Y, Zp), Zp) = m-s(Y)) 


a (2.24) 


31 


where Y is any spectrum. We consider Y = MTH ^ X and focus on p = 2 and p = 3. 
We introduce the notions used in Adams spectral sequence: 


p-completion: For any finitely generated abelian group G, G5 = lim, G/p"G is the p-completion 
of G. If G is finite, then GA is the Sylow p-subgroup of G. If G = Z, GA is the ring of p-adic 
integers. 


Steenrod algebra: The mod p Steenrod algebra is A, := [H Zp, HZ ,]_, where HZ, is the mod 
p Eilenberg-MacLane spectrum. For any spectrum Y, the cohomology ring H* (Y, Zp) = [Y, HZ;] 
is an A,-module. 


For p = 2, the generators of Az are Steenrod squares Sq”. 


Definition 9 (Axioms). For each i > 0, there is a natural transformation 
Sq' : Be Zə) > H""(-, 73) 


such that 

e Sq? — Id 

e Ifi > |z|, then Sq'z = 0 
e If i = |z|, then Sq’a = x 
e (Cartan formula) Sq” (xy) = i+ jn Sq'(z)Sq (y) 
e (Adem relation) If a < 2b, then 


2 


[3] 


a b=0=1 a+b—=cq,c 
Sq*Sq° = Y An )se^ Sq 
c=0 


The subalgebra A2(1) of Az generated by Sq! and Sq? looks like Figure 1. 
q'Sq'Sq?Sq! = Sol Soa Goal Sq’ 
Sq? Sq! So? 
Sq!Sq?Sq! 
Sol Go? Sq?Sq! 
Sq? 


Sq? =1 


Figure 1: A2(1) 
Each dot stands for a Za, all relations are from Adem relations (2.67). 


For odd primes p, the generators of A, are the Bockstein homomorphism Dro and Steenrod 
powers Pj. 
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Ext functor: Let R = A, or Ax(1). Ext; is the internal degree t part of the s-th derived 
functor of Hom}. 


In general, we can find a projective R-resolution P, of L to compute Ext (L, Zp), Ext (L, Zp) = 
H'(Homg(Pe, Zoll (the i-th cohomology of the chain complex Homg(, Zp)). 


In Adams chart, the horizontal axis is degree t — s and the vertical axis is degree s. The 
differential d?^ : E24 —, E$*'t*'-l is an arrow starting at the bidegree (t — s,s) with direction 
s.t 
(-1,r). Ey = aoe for r > 2. There exists N such that Evi, = En for k > 0, denote 
E% := En. 


We explain how to read the result from the Adams chart: In the E., page, one dot indicates a 
Zp, an vertical line connecting n dots indicates a Zn, when n = oo, the line indicates a Z. 


In the H — O cases, MO is the wedge sum of suspensions of the Eilenberg-MacLane spectrum 
HZ», H* (MO, Zə) is the direct sum of suspensions of the Steenrod algebra A. 


H*(MO A X,,Z2) = H*(MO, Z2) & H*(X,Z2) is also the direct sum of suspensions of the 
Steenrod algebra A2. We have used the Künneth formula (2.22). Let L = H* (MO ^ X+, Z3), then 
Po = L, P, = 0 for s > 0 gives a projective 4A2-resolution of L. 


Since 


Hom% (Z^45,Z,)—Z, ift=r,s=0 


2.2. 
0 else ` $228) 


Ext, (E Ap, Zp) = { 


all dots are concentrated in s = 0 in the Adams chart of Ext. (H* (MO ^ X+, Z2), Z3), there are 
no differentials, Es = Eso, ar (X) is a Z2-vector space. 


In the A = SO cases, the localization of MSO at the prime 2 is 


MSO(2) =H (2) V XH (2) V XH 2V»: (2.26) 


where HZ is the Eilenberg-MacLane spectrum and H*(HZ, Z2) = A2/A28Sq!. 


t —+ Y: As =? €? As — XA» —> ER — Az/A2Sq! (2.27) 


is an Ao-resolution (denoted by P,) where the differentials dı are induced by Sq}. 


When X is a point, the Adams chart of Ext, (H*(MSO, Z3), Z3) is shown in Figure 2. For 
general X, P, & H*(X,Z2) is a projective A2-resolution of H* (HZ, Z5) ® H*(X, Z2) (since P, is 
actually a free ,A»-resolution), the differentials dı are induced by Sol. 


The localization of MSO at the prime 3 is the wedge sum of suspensions of the Brown-Peterson 
spectrum BP (MSO) = BP V 33BP v ---) and H*(BP,Z3) = Az/(B(3,3)) where (8(33)) is the 
two-sided ideal generated by (5.5). 


+++ E Ag 6 X943 8 — EA 6 DAZ S++» — Az — Az/(B(33)) (2.28) 
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Figure 2: Adams chart of Ext, (H*(MSO, Z2), Z2) 


is an A3-resolution of A3/(B(3,3)) (denoted by P¿) where the differentials di are induced by (5.5). 


When X is a point, the Adams chart of Ext, (H*(MSO, Z3), Z3) is shown in Figure 3. For 
general X, P, & H*(X, Zs) is a projective A3-resolution of H*(BP,Z3) & H*(X,Za) (since P, is 
actually a free A3-resolution), the differentials di are induced by Daa. 


$ x 


Figure 3: Adams chart of Ext, (H*(MSO, Z3), Z3) 


There may be differentials d, corresponding to the Bockstein homomorphism f pr) [57] for both 
p = 2 and p = 3. See 2.5 for the definition of Bockstein homomorphisms. Since MSO(3) = AM Spitz, 


Spin 
BOX = DP a 
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In the A = Spin/Pin” cases, since the mod 2 cohomology of the Thom spectrum MSpin is 


H* (MSpin, Z2) — A» G As (1) (Z» G M) (2.29) 


where M is a graded A2(1)-module with the degree ¿ homogeneous part M; = 0 for i < 8. 


Theorem 10 (Change of rings/Frobenius reciprocity). 


Ext^ (42 &4,0) D, Z2) S Ext, 1) (L, Z2) 


When we compute 04(X)2, we are reduced to compute Ext (Ls Z5) for t— s < 8, where L 


is some A2(1)-module (our cases are some mod 2 cohomology H*(—, Z2)). 


Example 1: L = Ax(1), 


Ext oy (Aa (1), 73) a { Hom 4, (1) (421), Z3) = Zo ft=s=0 


0 else SS 
Example 2: L = Z2, the Ax(1)-resolution of L is 
o => D8 Aaf) @ X Aaf > X245(1) 0 YN Aaf > Y A2 (1) 6 X245) > A2(1) > Zo. (2.31) 


The Adams chart looks like Figure 4. 


LA 
j=) 


OrRFNwWHR TDN o vc 
> 


ül934589733951—s 


Figure 4: Adams chart of Ext a) 2; Z5). The dashed arrows indicate the possible differentials. 


The only possible differentials are d,(hi) = no where ho € Ext aq) (Z2Z2), hi € 


Ext) 1)(Z22Z2). If there were such a differential d, for r > 2, then since hgh; = 0, 0 = d,(hohi) = 
aye which is not true. Hence E» = Ej. 
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This is in fact real Bott periodicity (m;¡4gko = miko, H* (ko, Z2) = Az 9 4,(1) Z3). 


Our computation is based on the following fact: 
Lemma 11. Given a short exact sequence of A2(1)-modules 


0— Lı > L2 > Lz > 0, (2.32) 


then for any t, there is a long exact sequence 
? > st 
o Ext ay (a; Z2) > Ext 1 (L2, Z2) > Ext (Er Z2) (2.33) 


d Lt Lt 
3 Ext, (La, Z2) > Ext) (La, Eon 
After using this fact repeatedly, we obtain the E» page. 


Example 3: 


e——— e (2.34) 


is a short exact sequence where the left dot is L1, the middle part is Lo, the right dot is L3. 


'The Adams chart looks like Figure 5. 


LA 
o 


K 


Y 


012345 67 8 910-—s 


CO rä Mä Dä GO CO JD vc 


Figure 5: Adams chart of Ext? Lə, Z2). The arrows indicate the differential dı, the dashed line 
Az2(1) 
indicates the extension. 


Example 4: 


e —— e (2.35) 


is a short exact sequence where the left dot is L4, the middle part is L5, the right dot is L5. 


'The Adams chart looks like Figure 6. 
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o 
pa 
bo 
w 
Aa 
al 
+ 
l 
Co 


Figure 6: Adams chart of Ext^ ay (Ls Z2). The arrows indicate the differential dı, the dashed line 
indicates the extension. 


2.3.2 Serre spectral sequence 


Given a fibration F — E — B, the Serre spectral sequence is the following: 
ER! = H*(B, H*(F,Z)) > H?'*(E,Z) (2.36) 


'This can be used in computing the integral cohomology group of the total space of a nontrivial 
fibration. 


There is also a homology version: 


E H,(B, H,(F, Z)) > Hp (E, Z) (2.37) 


2.3.3 Atiyah-Hirzebruch spectral sequence 

The Atiyah-Hirzebruch spectral sequence can be viewed as a generalization of the Serre spectral 

sequence. Given a fibration F + E — B, the Atiyah-Hirzebruch spectral sequence is the following: 
E? , = Hp(B, ha(F,Z)) rel Z) (2.38) 


where h, is an extraordinary homology theory. For example, h, can be the bordism theory OP. In 
particular, if the fiber F is a point, then the Atiyah-Hirzebruch spectral sequence is of the form: 


Hp(X, de ) => 04 


RES (2.39) 
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2.4 Characteristic classes 
2.4.1 Introduction to characteristic classes 


Characteristic classes are cohomology classes of the base space of a vector bundle. Stiefel- Whitney 
classes are defined for real vector bundles, Chern classes are defined for complex vector bundles, 
Pontryagin classes are defined for real vector bundles. All characteristic classes are natural with 
respect to bundle maps. Characteristic classes of a principal bundle are defined to be the charac- 
teristic classes of the associated vector bundle of the principal bundle. 


Given a real vector bundle V => M and a complex vector bundle E — M, the i-th Stiefel- 
Whitney class of V is w;(V) € HOM, Z2), the i-th Chern class of E is (E) € H” (M, Z), the i-th 
Pontryagin class of V is p;(V) € HT(M, Z). 


Pontryagin classes are closely related to Chern classes via complexification: 


pi(V) = (-1)'es(V Or C) € HT(M,Z) (2.40) 
where V &g C > M is the complexification of the real vector bundle V — M. 


'The relation between Pontryagin classes and Stiefel- Whitney classes is 


pi(V) = wa;(V)? mod 2. (2.41) 


For a manifold M, the integrals over M of characteristic classes of a vector bundle over M 
(the pairing of the characteristic classes with the fundamental class of M) are called characteristic 
numbers. 


Let En be the universal n-bundle over BO(n), the colimit of En — n is a virtual bundle E (of 
dimension 0) over BO, the pullback of E along the map g : M — BO given by the O-structure on 
M is just T'M — d where M is a d-manifold and T'M is the tangent bundle of M. By the naturality 
of characteristic classes, the pullback of the characteristic classes of E is the characteristic classes 
of TM. 


Chern-Simons form: By Chern-Weil theory, Chern classes (and Pontryagin classes) can also be 
defined as a closed differential form (in de Rham cohomology). By Poincaré Lemma, they are exact 
locally: 


Cn = dCS»3m-—1 (2.42) 


where d is the exterior differential operator, CSən—1 is called the Chern-Simons 2n — 1-form. 


Whitney sum formula: Let w(V) = 1 + wi(V) + wa(V) +--- € H'(M, Z2) be the total Stiefel- 
Whitney class, c(E) = 1+c1(E) + ca(E) 4---- € H*(M,Z) be the total Chern class, p(V) = 
1 4 pi(V) + po(V) +--- € H'(M, Z) be the total Pontryagin class, then 


w(V e V^) =w(V)w(V’), (2.43) 
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(ESE) = c(E)c(E’), (2.44) 


2p(V & V^) = 2p(V)p(V^). (2.45) 


'That is, the total Stiefel- Whitney class and the total Chern class are multiplicative with respect to 
Whitney sum of vector bundles, the total Pontryagin class is multiplicative modulo 2-torsion with 
respect to Whitney sum of vector bundles. 


2.4.2 Wu formulas 


The total Stiefel- Whitney class w = 1+ w1 + wa + +++ is related to the total Wu class u = 
1+u,+ug+--- through the total Steenrod square: 
w = Sq(u), Sq=1+Sq!4+Sq?+4+---. (2.46) 
Therefore, wn = ? 7.9 Sq’(un—i). The Steenrod squares satisfy: 
Sqí(z;j)-—0, i >j, Sq (ej) =a;2;, Sq? — 1, (2.47) 


for any z; € H/ (M4; Z2). Thus 


Un = Wn + y Sd (un—i): (2.48) 


¡=1,2i<n 
This allows us to compute u,, iteratively, using Wu formula 
Sq(wj-—0, i»j,  Sqd(w) = wiwi, (2.49) 
j gta ses EEN 
Sq (wj) = ww; + 2. ( " Jo un i<j, 


and the Steenrod relation 


Sq” (zy) = Y Sg (x)8q"" (y). (2.50) 
i=0 
We find 
uo = 1, uj = U1, ug = wi + w2, 
ua = W1W9, U4 = wi + we + 0103 + wa, (2.51) 


3 2 2 
U5 = wis + ww + W]W3z + wis. 


On the tangent bundle of M7, the corresponding Wu class and the Steenrod square satisfy 
Sq^ (z;) = ug 52, for any x; € H (M4; Z2). (2.52) 


This is also called Wu formula. 
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2.5 Bockstein homomorphisms 


In general, given a chain complex C, and a short exact sequence of abelian groups: 


0>4>A>4">0, (2.53) 


we have a short exact sequence of cochain complexes: 
0 > Hom(C,, A") + Hom(C,, A) + Hom(C,, A") > 0. (2.54) 
Hence we obtain a long exact sequence of cohomology groups: 
art H"(C,, A) 2 H"(C,, A) > H"(C,, A”) $ BH (06, 4) 5... , (2.55) 


the connecting homomorphism Ó is called Bockstein homomorphism. 


For example, Ainm) : H* (~, Zm) > H**!(—,Z,) is the Bockstein homomorphism associated to 


the extension Zn 3 Znm > Zm. 


Let pum) ` H*(—, Znm) > H*(—, Zm) be the mod m reduction map, then Binm)P(nm,m) = 0 
by the long exact sequence. In particular, Dap = 0. 


Relations between the Bockstein homomorphisms: If we have a chain complex Ce and a com- 
mutative diagram of abelian groups with exact rows: 


0 +O" >C > C" >0, (2.56) 


L | | 


0 > A! > A A” 0 


then we have a commutative diagram of cochain complexes with exact rows: 


0 — Hom(C,, C^) — Hom(C,, C) —=> Hom(C,, C") —— 0, (2.57) 


| | | 


0 —— Hom(C,, A’) —— Hom(Co, A) —— Hom(C,, A") —> 0 


By the naturality of the connecting homomorphism [58, Theorem 6.13], we have a commutative 
diagram of abelian groups with exact rows: 


—— H*(C,, C) — H"(C,, C) — H" (C, C") — H+ (C.C) —35... (2.88) 


| | | | 


«——À HP (0,, A) — B"(C,, A) —=>H (Co, A") — gr (o, A) — + 


There are commutative diagrams: 


Za Vp E. (2.59) 


` d 
Ee ee 
kn knm 


mod «| mod nm | 


. d 
da EVO n 


By (2.58), we have the following commutative diagrams: 


Boek 
H*(—, Zm) BF Zn) 


Dr ken?) 


H*(—, Zkm) —S H*H(— Zn) 


* Bi n,m A 
H*(—, Zm) GH (=, Zien) 


| mod n 


Bin,m 
BEE) 


Hence we have 


Dro zt = Dro, kim) Kk, 


and 


P(kn,n) Bin) = P(n,m) ! 


By definition, 
1 
B(2,2n) = pud mod 2 
where d is the coboundary map. 


Moreover, Sq! — Daa, 


By (2.64), ba) = Pag bua thus Daaf = beara baa = 0. 
Similarly, B(.8) = (4,2) (4,8), thus P(2,2)6(2,8, = 52,2) P(4,2)F(4,8) = 0, etc. 


Combining this with the Adem relation Sq!Sq! = 0, we obtain the important formula: 


Sq! Ga za = 0 


Al 


(2.60) 


(2.61) 


(2.62) 


(2.63) 


(2.64) 


(2.65) 


(2.66) 


2.6 Useful fomulas 


Adem relations: 


[a/2] 
— e 
Sq“Sq? = J ( "e 5) Sql teI Sq (2.67) 
j-0 


for 0 < a < 2b. In particular, we have Sol Sol = 0, Sq!Sq?Sq! = Sq?Sq?. 
Recall that 
H"(BZ3, Z3) = Zeal (2.68) 
where a is the generator of H! (BZ», Z2). 
H*(B?Z,,Z2) = Zo[xo, £3, £5, 9, . ..] (2.69) 
where za is the generator of H?(B?Z5, Z3), 13 = Sql xo, x5 = Sq?x3, x9 = Bols, etc. 
H*(BPSU(2), Z5) = Zahl. w%] (2.70) 
where w/ is the i-th Stiefel-Whitney class of the universal PSU(2) = SO(3) bundle. 


Combining (2.52) and (2.50), we have the following useful formulas in the presentation of 
cobordsim invariants: 


a?—Sqla = wa in 2d (2.71) 
Ia = Sol x2 = 4429 in 3d (2.72) 
w,-Sqlw, = ww) in 3d (2:73) 
Sq! (az2) = gra Lora = wax» in 4d (2.74) 
Sq? (ax2) = ar? Lora = (wa + w2)azs in 5d (2:75) 
r5 = Sqiz3 = (wo Ladies in 5d (2.76) 
wows = Sq?(wy) = (we +wi)w in 5d (2.77) 
Sq! (wox9) = (mua + ws)xo + woxa = W Wer. > 3% = wors in 5d (2.78) 
Sol ais) = wîr = ra in 5d (2.79) 
Bola = wywor2 — 0 in 5d (2.80) 
Sql(wsw5) = (wwe + w3)ws + wows = wi wow, > w3w) = wows in 5d (2.81) 
Sql(w2w)) = ww, = ww) in 5d (2.82) 
Saw} = wiwew! = 0 in 5d (2.83) 
Sql(x2) = wir? = 21213 = 0 in 5d (2.84) 
Sql(w2) = ww? = 2whw) = 0 in 5d (2.85) 

Sql (wro) = w%t2 + wrs = wiwhr in 5d (2.86) 


where w; is the i-th Stiefel- Whitney class of the tangent bundle of M, all cohomology classes are 
pulled back to M along the maps given in the definition of cobordism groups. 
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3 Warm-Up Examples 


3.1 Perturbative chiral anomalies in even dd and associated Chern-Simons (d+ 
1)-form theories — SO- and Spin- Cobordism groups of BU(1) 


3.1.1 Perturbative bosonic/fermionic anomaly in an even dd and U(1) SPTs in an 
odd (d 4- 1)d 


We start from a warming-up example familiar to most physicists and quantum field theorists: the 
perturbative anomalies that can be captured by a 1-loop calculation via Feynman-Dyson diagrams 
involved with a U(1) group. Of course, our discussion on the U(1) group can be generalized to 
any compact semi-simple Lie group such as SU(N), although we focus mostly on U(1) in this 
section. We will consider a Dirac fermion theory in any even dimensional spacetime, denoted as 
dd with d as the even integer (say d = 2,4,6,8,10,...). The Dirac fermion V (or a complex Dirac 
spinor) is in a 2/7/72. dimensional spinor representation of Spin(1,d — 1) (or Spin(d) in the Euclidean 
signature, where Spin(d)/Zf = SO(d), with the continuous spacetime rotational symmetry SO(d) 
and the fermion parity Z symmetry acts on any fermion Y — —W). The Dirac fermion V can be 
coupled to non-dynamical U(1) or dynamical U(1) gauge fields, as Model (1) and Model (2) below 
respectively. 


Model (1): The U(1) is treated as a U(1) global internal symmetry for the 't Hooft anomaly. The so-called 
path integral or partition function Z of this Dirac fermion theory is defined as a functional 
integral (here in Minkowski signature): 


Z[A] := Taina exp (+ iSu,pirac) = Taina exp (+ Ji T d^z(V (iJ) 4)V), (3.1) 
M 
where J) 4 is the Dirac operator endorsed with the Feynman slash notation, defined as: 
Da = YD, = y” (Əy = igA,). (3.2) 
The g is the coupling constant for the non-dynamical 1-form U(1) gauge field A :— A, dz". 
The 4^ with y = 0,1,...,d — 1 are so-called gamma matrices, satisfying the Clifford algebra 


C£, a-1(R) under the anti-commutator constraint: 


Loft, Y!) m Y" vy" + Y = 20b (3.3) 


The standard Dirac matrices correspond to d = 2!d/2] = 4. The 7” is the Minkowski metric 


ni’ := diag(+,—,—-,.--,—), 
with one + sign and (d — 1) — sign along the diagonal. The hermitian chiral matrix ^C hire! = 
FIVE can be defined for even d dimensions 
e = ae c" 14/2710 u Ju (3.4) 


Model (2): The U(1) is treated as a U(1) gauge group for the dynamical gauge anomaly. The so-called 
path integral or partition function Z of this Dirac fermion coupled to a dynamicsl U(1) gauge 
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field theory is defined as a functional integral (here in Minkowski signature): 


Z := [ou [DV] [DA] exp ( T LV Dirac-U(1) gauge eae) 


a z 1 

= [ou [DW][DA] exp ( + i dlx(v(iD ,)v — 1 Pw Fk"). (3.5) 
M4 

Here the dynamical 1-form U(1) gauge field A is integrated over in the path integral measure 

J [DA] as a dynamical gauge variable. For the quantum electrodynamics (QED) as a Dirac- 

U(1) gauge theory, it is commonly defined as D4 :— 4" D,, = "(ðu + ieA,) where e is the 

electric charge constant. 


For the spacetime index y = 0,1,...,d — 1, 
the left-moving current J!" is defined as: 


LO noQ Chiral 

Ji Ll V (3.6) 

The right-moving current J/^F is defined as: 
JHR = gy A (3.7) 

The vector current J^ = JV is defined as: 
JON JO p TOR = DY, (3.8) 

The axial chiral current J^ = JPA = J” = JéChital is defined as: 

JHA — Jub. Ju = Pyry O hiraly, (3.9) 


We also define the left and right-handed Weyl fermions, Vr, and Vr, projected from the Dirac 
fermion via: 


1-— Chiral 

Ti = — y, (3.10) 
1+ Chiral 

E a ou 


In the classical theory (without doing the path integral), the classical Dirac theory has both the 
continuous vector symmetry U(1)y and the continuous axial symmetry (or the so-called chiral 
symmetry) U(1)4, given by the following symmetry transformation: 


U(Dy: | V exp(ioay)V (3.12) 
Y > exp(iay) Vz, 
Vr > exp(iay) Up. 
Uda: Y > expliaag y (3.13) 
Vy > expliaa In. 
Vg > exp(—ioA)Vn. 
Under the Noether theorem, the corresponding continuous currents are J/^V and J!“ respect to the 


U(1)y and U(1)A symmetry respectively. In a classical theory, both U(1)y and U(1)A symmetries 
are global symmetries. 
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However, in the quantum theory, we need do the path integral to get the partition function 
Z|A] for a quantum theory in eqn. (3.1). Now under the continuous axial (or chiral) symmetry 
transformation labeled by a U(1) parameter aa € [0, 27), the partition function Z[A] shifts to 


214) ^ [ [DU|[DY (+i ADD) 
M4 
ira. 2g%/? 1 
aa (8, JH, IDC ALE ol), (ib 


(In terms of quantum electrodynamics notation, people set the g = —e.) This means the axial 
(chiral) current is not conserved 0, J4+“hiral 2 0: If the classical gauge field A has a nontrivial 
background for F ^...F term in Model (1) where F = dA. The above calculation can be done 
based on the Fujikawa’s path integral method [59]. 


The non-conservation of the axial (chiral) current has the form: 


Zodi? 


Ó Ji Chiral mE 
à (d/2) (4x2 * 


mu T E (3.15) 


In the differential form in terms of the top form paired with the fundamental class of the spacetime 
manifold, we can rewrite the above formula eqn. (3.15) as: 


(d JEA) PA A oec A F). (3.16) 


The above formula is for the 't Hooft anomaly associated with the probed background Abelian 
gauge fields (here U(1)). 


If we instead consider the background non-Abelian gauge fields (like SU(n)), then the (FA: --AF) 
with F = dA is replaced to a non-abelian field strength F = dA + A^ A; while (F'A---A F) is 
replaced by Tr (EY zh 

diii = Tr Led l (3.17) 
The wy¿-1 is the Chern-Simons (d — 1)-form [60] as the secondary characteristic classes: 
«1 ox Tr[A] (3.18) 
w3 x Tr Faa- janana] 


1 1 
ip X T[PAFAA=¿FAAMANA + AMANANANA 


Other than Fujikawa's path integral method [59], we can also capture the perturbative anomaly 
via a 1-loop Feynman-Dyson diagram calculation. The vertex term means oz A Y := gv Ar 
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Figure 7: Perturbative anomalies with an integer Z class in an even d-dimensional spacetime. 
Here the anomalies are captured by a 1-loop Feynman diagram with a number (4 + 1) amount of 
vertex terms ob Au and one vertex term among the total (4 + 1) vertex terms can be associated 
with the JChiral current. The chiral fermion runs on the solid-line loop (—). The wavy line (~~) 
represents the propagator (Green's function) of 1-form vector boson gauge field. (The gauge field 
is a probed background gauge field for the ’t Hooft anomaly.) In the subfigures, we show 1-loop 
Feynman diagrams for (1) 2d anomaly, (2) 4d anomaly, (3) 6d anomaly, (4) 8d anomaly, and (5) 
10d anomaly, etc., of chiral fermions coupled to U(1) background probed gauge fields. A physical 
explanation of Z class is given in Sec. 3.1.2 for 2d bosonic anomaly and Sec. 3.1.3 for 2d fermionic 
anomaly. Similarly, the analysis can be generalized to any even dd by writing down a one-higher 
dimensional Chern-Simons theory given by Chern-Simons (d + 1)d form. 


How do we obtain an integer Z class for perturbative anomalies in an even d-dimensional 
spacetime? Say from the formulas of eqn. (3.15) and eqn. (3.16)? The answer is that we can 
consider the modified axial symmetry transformation U(1)A,; labeled by a integer charge k € Z 
class, such that the Vr, and Vg transformed differently, 


UA: — Vp > exp(iag,) Vr, (3.19) 
Vg > exp(—ikag,) UR. 
kez. 


The chiral symmetry transformation is labeled by a U(1) parameter a, ;, € [0, 27). Below we give 
a physical explanation of a Z class in Sec. 3.1.2 for 2d bosonic anomaly, and also of a Z class 
Sec. 3.1.3 for 2d fermionic anomaly. Below our derivation is in a similar spirit of 2d anomaly and 
3d Chern-Simons theory [42,61], but ours is generalizable to arbitary dimensions analogs to [42]. 


In general, we suggest that the for generic even dd U(1) bosonic or fermionic anomalies (on 
non-spin or spin manifolds respectively) can be captured by a partition function depending on the 
probed U(1) background gauge field A: 


Z[A] = pla E AIP, kez (3.20) 


where the precise normalization c depends on the dimensions d, and non-spin or spin manifolds, 
with the integer k € Z class. 


3.1.2 2d anomaly and 3d bosonic-U(1) SPTs: Integer Z class € TP3(SO x U(1) = Z 


Below we explicitly derive the analogous eqn. (3.20) for d — 2 bosonic anomaly (on non-spin 
manifolds). The physics idea is that we write down the internal field theory with dynamical gauge 
fields a coupled to background non-dynamical gauge fields A, and integrate out those internal 
degrees of freedom to get a response theory depending on A. 


The symmetric bilinear form matrix Chern-Simons theory with a U(1)? gauge group of 
internal dynamical a gauge field, and the charge q vector coupling to the background U(1) gauge 


fields A are the following: 
0 1 
K:=Kyj= ( ) ; 
1 2k H 


and q? = (1,1). In other words, the path integral, written by dynamical gauge fields a and 
background fields A, is 


db fo 3 hs 
Z [A] = [Wea expli ( — t NE A daz + 25 01 par dar|¿r=(1,1))), (3.21) 


Under GL(2,Z) or SL(2,Z) redefinition of gauge fields, the K can be changed to K = ( sl 


and q7 = (1,k). In other words, the path integral is 


., 1 /0 1 1 
Z|A] = fipa expli (1 ( o) fo ^ daz + att fan dor nl), (3:22) 
IJ 


AT 


If we integrate out the dynamical internal gauge field a (“emergent” from the gapped matter 
field) of SPTs, we obtain the partition function of probed background field 


2k 
Z|A] = expli z> fa ^dA, kez (3.23) 


This Chern-Simons field theory characterizes the low energy physics of a quantum Hall state and 
its response function. So the effective bulk quantized Hall conductance is labeled by 2k in 2Z, as 
qe ae B ah u "cb 

om. `h Or h* h^ 


Ory = 


The boundary theory has a Z class of perturbative Adler-Bell-Jackiw type of U(1)-axial-background 
gauge anomaly. (Due to the L and R chiral fermion carrying imbalanced U(1) charges, in K = 


b " aida 0050 


The above physics derivation coincides with the mathematical cobordism group calculation, 
matching one of the integer Z class € TP3(SO x U(1)) = Z? shown later in our Theorem 13. The 
reason we require the (co)bordism group of SO x U(1) is due to that the bosonic system has a 
continuous spacetime SO(d) symmetry (in the dd Euclidean signature), while the boson has an 
internal U(1) symmetry. 


Similarly, the above analysis can be generalized to any even dd by writing down a one-higher 
dimensional bosonic (on manifolds with SO(d + 1) or non-spin structures) Chern-Simons theory 
given by a certain Chern-Simons (d+ 1)d form. 


3.1.3 2d anomaly and 3d fermionic-U(1) SPTs: Integer Z class € TP, (Sex U0) ) =P 


2 


Similar to Sec. 3.1.2, for a fermionic theory, we should have a SPT invariant of U(1) background 
gauge field, 


Z [A] = expli ` fan dA] kez. (3.24) 


This may be obtained from integrating out the fermionic SPTs K = E o ) ,and ol = (1,—k+1) 


0 —1 
or simply q” = (0, —k). In other words, the path integral is 


.;1 f1 0 1 
Z|A] = fipa expli (1 b) Ju ^ da; + zd fA ^ dora un. ll, (3.25) 
IJ 


'This Chern-Simons field theory characterizes the low energy physics of another fermionic quantum 
Hall state and its response function. So the effective bulk quantized Hall conductance is labeled by 
k in Z, as 


The above physics derivation coincides with the mathematical cobordism group calculation, 
matching one of the integer Z class € TP; (PPP C2) = TP3(Spin*) = Z? shown later in our 
Theorem 17. 
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The reason we require the (co)bordism group of ai = Spin” is due to that this fermionic 


system has a continuous spacetime Spin(d) symmetry (in the dd Euclidean signature) under, the 
extension of SO(d) via 1 + ZZ — Spin(d) — SO(d) > 1, while the fermion has an internal U(1) 
> Z$ containing the fermion parity symmetry. A common normal subgroup Z is mod out due to 
the fact that rotating a fermion by 27 in the spacetime (i.e., the spin statistics) gives rise to the 
same fermion parity minus sign for the fermion field Y — —V. 


Similarly, the above analysis can be generalized to any even dd by writing down a one-higher 


dimensional fermionic (on manifolds with Spin(d + 1) thus spin structures) Chern-Simons theory 
given by a certain Chern-Simons (d+ 1)d form. 


3.1.4 QSO(BU(1)) 


Since the computation involves no odd torsion, we can use the Adams spectral sequence 
EJ" = Ext%, (H* (MSO A BU(1)+, Z2), Z2) > m-s(MSO A BU(1)+)$ = Q29,(BU(1). (3.26) 
The mod 2 cohomology of Thom spectrum MSO is 


H* (MSO, Z2) = A2/A2Sq! E 32,45 / AaSq! DP 33 Ao Qe. (3.27) 


e — Ag — X245 — XA» — Az — Az2/A2Sq! (3.28) 
is an Ao-resolution where the differentials dı are induced by Sol. 
We also have 
H*(BU(1), Z2) = Zalei] (3.29) 
where c, is the first Chern class of the universal U(1) bundle. 
'The E» page is shown in Figure 8. 


Hence we have the following theorem 


NOooRwner ole. 
o 


Theorem 12. 


The bordism invariant of 059 (BU(1)) is c1. 
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Figure 8: Q2? (BU(1)) 


The bordism invariants of Q2? (BU(1)) are c, c?. 
Here o is the signature of a 4-manifold. 

The bordism invariant of O9 (BU(1)) is wows. 
The bordism invariants of 029 (BU(1)) are cci, cT. 


Here oc; = c(PD(c1)) where PD(ci) is the submanifold of the 6-manifold which represents the 
Poincaé dual of c1. 


The bordism invariant of 029 (BU(1)) is c:w2w3. 


i TP;(SOxU(1) 
0 0 

1 Z 

2 0 

3 Z? 

4 0 

5 Z? x Zo 

6 0 


Table 9: Note that one of the Z classes in TP3(SO x U(1)) = Z? is given by eqn. (3.22). Similarly, 
one of the Z classes in TPa+1(SO x U(1)) for an even d is given by eqn. (3.20). 


Theorem 13. 


The 1d topological term is the Chern-Simons 1-form Ce 0» of the U(1) bundle. 


The 3d topological terms are lggt S and cs a, where cst is the Chern-Simons 3-form 
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of the tangent bundle. 


The 5d topological terms are alos, cse and wzw3. 


3.1.5 OZP"(BU(1)) 


Since the computation involves no odd torsion, we can use the Adams spectral sequence 
Ej" = Ext. (E"(MSpin A BU(1)+, Z2), Z2) > m-s(MSpin A BU(1),)2 = QFP (BU(1)). (3.30) 
The mod 2 cohomology of Thom spectrum MSpin is 
H*(MSpin, Z2) = A2 9 4,1) {Z2 6 MJ (3.31) 


where M is a graded A2(1)-module with the degree i homogeneous part M; = 0 for i < 8. Here 
A2(1) stands for the subalgebra of Az generated by Sq! and Sq?. For t — s < 8, we can identify the 
E>-page with 
it * 
Ext (1) (H (BU(1), Z3), Za). 


The .42(1)-module structure of H*(BU(1), Z2) is shown in Figure 9. 


c 
^ 
E 


re 


Figure 9: The .42(1)-module structure of H*(BU(1), Z5). 


The E> page is shown in Figure 10. 


Hence we have the following theorem 


lg 
Z 
Z5 
Z x Za 
0 


NOTRWNHF OSS 


Theorem 14. 


ol 


Figure 10: OPE (BU(1)) 


The bordism invariant of OPE (BU(1)) is rj. 


Here ñ is the “mod 2 index” of the 1d Dirac operator (#zero eigenvalues mod 2, no contribution 
from spectral asymmetry). 


The bordism invariants of o8P" (BU (1)) are cı and Arf (the Arf invariant). 
: ; : Spin c ei 
The bordism invariants of Q/”(BU(1)) are Ze and 3. 


Here c? is divided by 2 since c2 = Soe = (w2(TM) + wi(TM)?)e = 0 mod 2 on Spin 
4-manifolds. 


The bordism invariants of OP" (BU(1)) are c? and eto PP) 


Here EE is defined to be ¿(o(PD(c1)) — F - F) where PD(c1) is the submanifold of a Spin 
6-manifold which represents the Poincaré dual of c1, c(PD(ci)) is the signature of PD(c1), and F 
is a characteristic surface of PD(c,). By Rokhlin's theorem, c(PD(ci)) — F - F is a multiple of 8 
and ¿(o(PD(c1)) — EF. F) = Arf(PD(ci), F) mod 2. See [62]’s Lecture 10 for more details. 


TP;(Spin x U(1)) 


CO OG Gä Hä ra Ole. 
N 
N 


Theorem 15. 
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The 1d topological terms are cs» and 7. 


The 2d topological term is Arf. 


'The 3d topological terms are 0 and tog q. 


The 5d topological terms are Cal Hl and u(PD(c;)). 


Here y(PD(c;¡)) is the Rokhlin invariant (see [62]’s Lecture 11) of PD(c1) where PD(c;) is the 
submanifold of a Spin 5-manifold which represents the Poincaré dual of c4 


CS KEN 


3.1.6 0 A "ër 


Since the computation involves no odd torsion, we can use the Adams spectral sequence 
EJ? = Ext (H' (MTSpin*, Z2), Z2) > m. ,(MTSpin^)? = UE, (3.32) 
By 1801.07530, we have MTSpin^ = MSpin ^ X? MU(1). 
The mod 2 cohomology of Thom spectrum MSpin is 
H*(MSpin, Z2) = A2 8450) (Z2 O MJ (3.33) 


where M is a graded A2(1)-module with the degree i homogeneous part M; = 0 for i < 8. Here 
A»(1) stands for the subalgebra of Az generated by Sq! and Sq?. For t — s < 8, we can identify the 
E>-page with 

Ext, a) (H*t?(MU(1), Z2), Z2). 


By Thom’s isomorphism, H**?(MU(1),Z2) = Zo[c¡]U where U is the Thom class of the uni- 
versal U(1) bundle and c, is the first Chern class of the universal U(1) bundle. 


The .A»(1)-module structure of H*^?(MU(1), Z2) is shown in Figure 11. 


Figure 11: The A2(1)-module structure of H**?(MU(1), Z2). 
The Ez page is shown in Figure 12. 


Hence we have the following theorem 
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Figure 12: oe 
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Theorem 16. 


Spin Ci 
OF l 


The bordism invariants of is 4 
Here cı is divided by 2 since cı mod 2 = wa2(T M) while w2(TM) = 0 on Spin” 2-manifolds. 
The bordism invariants of pu are c and o 


Here F is a characteristic surface of the Spin” 4-manifold M. By Rokhlin's theorem, o — F- F 
is a multiple of 8 and x(c — F- F) = Arf(M, F) mod 2. See [62]'s Lecture 10 for more details. 


i . i Spin* ci a 
The bordism invariants of Qg are $ and c1 fg- 


Here ci 7g = 45 (PD(c1)) where PD(c¡) is the submanifold of the Spin” 6-manifold which repre- 
sents the Poincaré dual of cı. Note that PD(c,) is Spin. 


Theorem 17. 


'The 1d topological term is Logit), 


54 


i 
0 
i 
2 
3 7? 
4 
5 
6 


0 


Table 10: Note that one of the Z classes in TP3(Spin®) = Z? is given by eqn. (3.24). Similarly, 
one of the Z classes in TP¿,1(Spin*) for an even d is given by eqn. (3.20). 


'The 3d topological terms are Ce D, and p. 


Here y is the Rokhlin invariant (see [62]’s Lecture 11 ) of the Spin” 3-manifold. 


The 5d topological terms are Log) 2 and ci ics 5. 


3.2 Non-perturbative global anomalies: Witten's SU(2) Anomaly and A New 
SU(2) Anomaly in 4d and 5d 


We now provide another warm-up example, a (d 4- 1)-th cobordism group calculation associated 
with dd non-perturbative global anomalies for the SU(2) anomaly of Witten [23] and the new SU(2) 
anomaly [24]. 


Here these SU(2) anomalies will be interpreted as the 't Hooft anomalies of the internal SU(2) 
global symmetries in the QFT, whose fermion multiplets are only in half-integer isospin (say, 1/2, 
3/2, 5/2, ...)-representation of SU(2); while whose bosons are only in an integer isospin (say, 0, 1, 
2, ...)-representation of SU(2). 


Similar to the Spin? = (Sem) of Sec. 3.1.3, in the following subsections, we will study the 


(co)bordism group of (BEES, 


Here the fermionic system has a continuous spacetime Spin(d) symmetry (in the dd Euclidean 
signature) under, the extension of SO(d) via 1 > ZE — Spin(d) > SO(d) — 1, while the fermion 
has an internal SU(2) > ZS containing the fermion parity symmetry at SU(2)'s center. A common 


normal subgroup Er is mod out due to the fact that rotating a fermion by 27 in the spacetime (i.e., 


the spin statistics) gives rise to the same fermion parity minus sign for the fermion field V > —W. 


( Spine) ) 


Thus we need to study the -structure. 


We will see that TP; (SPO) = (Z3)?. These 5d bordism invariants generates (Z2)?, they 
2 
correspond to the old SU(2) [23] and the new SU(2) anomalies [24] in 4d, shown in Table 3.2.1. 


We will see that TPQ(SE UD) = (Z3)?. These 6d bordism invariants generates (Z2)?, they 
2 
correspond to the old SU(2) and the new SU(2) anomalies in 5d [24], shown in Table 3.2.1. 
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SpinxSU(2) SpinxSpin(3) 
F F 


sat 0> sp 9 


Let H = Spinx Spin) we have a homotopy pullback square 
2 
BH —- BSO(3) (3.34) 


E 
Bso 90710 pzz, 


There is a homotopy equivalence f : BSO x BSO(3) — BSO x BSO(3) by (V, W) > (V -W + 
3, W). Note that f*(w2) = wa(V — W) = wa(V) + u4(V)wi(W) + w9(W) = wa(T M) + ws. Then 
we have the following homotopy pullback 


BH ——~—- BSpin x BSO(3) (3.35) 


BSO x BSO(3) —— BSO x BSO(3) 29%, B2Z, 


vmv] pU 


BSO 


This implies that BH ~ BSpin x BSO(3). 


MTH = Thom(BH; —V), where V is the induced virtual bundle (of dimension 0) by the map 
BH > BO. 


V-V3+3 


We can identify BH — BO with BSpin x BSO(3) > BSO > BO. 


The spectrum MTH is homotopy equivalent to Thom(BSpin x BSO(3); —(V — V3 + 3)), which 
is MSpin A X ?MSO(3). 


Fort=s<8, 


SpinxSpin(3) 
F 


Ext, y (H**(MSO(3), Z2), Z2) > 0, , ? 


By Thom’s isomorphism, H***%(MS0(3),Z2) = Za[w2, w5]U where w! is the Stiefel-Whitney 
class of the universal SO(3) bundle and U is the Thom class of the universal SO(3) bundle. 


Since wi(TM) = w = 0, and wa(TM) = w) by the gauge bundle constraint, we have 
wa(T M) = w5. Below we use w; to denote both w;(T'M) and w; for i < 3. 


The .A»(1)-module structure of H**?(MSO(3), Z2) and the E» page are shown in Figure 13, 14. 
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wew3U 


Figure 13: The Ao(1)-module structure of H**?(MSO(3), Z2) 


$ x 


Spin xSpin(3) 


Figure 14: Q, zl 


4 Higher Group Cobordisms and Non-trivial Fibrations 


In this section, we use the Serre spectral sequence method explored in appendix of [11] and the 
Adams spectral sequence method to derive the 5d topological terms for the higher group cobordism 
OF with non-trivial fibration where G is defined as follows. 


If Ga is a group, Gy is an abelian group, then it is well-known that BG, is a group. Consider 
the group extension 


1— BG, > 62 Ga > 1, (4.1) 
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Bordism group 


SpinxSU(2) 
zF 
2 
Qa 
Z 
0 


bordism invariants 


0 

z? (c, No) 

z2 (wows, Arf Uws) 

Ee (waw3 U fj, Se) mod 2)) 


D Ou Gab ta Cl E, 


Table 11: Bordism group. Here c is the signature of 4-manifolds, PD(w») is the submanifold of a 
6-manifold which represents the Poincaré dual of wo. Note that PD(w2) is Spin. The Ny is the 
number of the zero modes of the Dirac operator in 4d. It is defined in [25]. On oriented 4-manifolds, 
No = No = Ny — N_ where Nj, is also defined in [25], and N4 are the numbers of zero modes of 
the Dirac operator with given chirality. 


Cobordism group 


d TP) topological terms 
2 
0 0 
1 0 
2 0 
3 z? (108 99 x 
4 0 
5 ze (wows, Arf Uws) 
6 zs (wow3 U fj, GEI mod 2) 


Table 12: SPT states in d-dim spacetime. TP; (PUO) — (Z3)?. whose 5d bordism invariants 


correspond to the old SU(2) [23] and the new SU(2) anomalies [24] in 4d. A related cobordism group 
in one higher dimension, Tp, (PRUO) — (Z2)?. whose 6d bordism invariants correspond to the 
2 


old SU(2) and the new SU(2) anomalies in 5d [24]. Since ME "eM 0, for any Spin xz, SU(2) 


3-manifold M?, M? is the boundary of a Spin xz, SU(2) 4-manifold M^, then we define the 3d 
topological term X on M? to be Ny of M^. Note that Dirac operator can be defined for manifolds 
with boundary. If the bulk manifold has Dirac operator which has a mass m being gapped, then 
the boundary manifold can have Dirac operator no mass m = 0 being gapless. 


we have a fibration 


B?G, —— BG (4.2) 


BG, 


which is classified by the Postnikov class 8 € H?(BG,, Gp). 
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A1 (BG,, B?G,) : (BO, B?Z;) 


We consider the simplest case: Ga = O and Gy = Za. Note that there is also a group action 
a: Ga — AutG, in [11], since AutZa is trivial, so a is trivial in this special case. 


For the fibration 


B?Z, —— BG (4.3) 
BO, 
there is a Serre spectral sequence 
H?(BO, H?(B?Z5, Z)) > H?*4(BG, Z) (4.4) 


where H? (BO, H?(B?Z5, Z)) actually should be the a-equivariant cohomology, but since a is trivial, 
H? (BO, H?(B?Z», Z)) is the ordinary cohomology. 


Note that H” (B?Z2, Z) is computed in Appendix C of [63]. 


Z n=0 
0 n=1 
0 n=2 
H"(B?Z4,7) =< Z3 n=3 (4.5) 
0 n=4 
Z4 n=5 
Za n=6 


The E» page of the Serre spectral sequence is H? (BO, H?(B?Z5, Z)). The shape of the relevant 
piece is shown in Figure 15. 


Note that p labels the columns and q labels the rows. 
The bottom row is H?(BO, Z). 


The universal coefficient theorem (2.15) tells us that H*(B?Z>,Z) = H?(B?Z2,R/Z) = 
Hom(H3(B?Z5, Z), R/Z) = Hom(72(B?Z2),R/Z) = Hom(Z2,R/Z) = Za, so the q = 3 row is 


H?(BO, 25). 


It is also known that H?(B?Z5, Z) = H*(B?Zs, R/Z) is the group of quadratic functions q : Z2 > 
R/Z [65]. The isomorphism is discussed in detail in [66]. 


The first possibly non-zero differential is on the E3 page: 


H?(BO, H?(B?Z5, Z)) > H*(BO, Za). (4.6) 


Following the appendix of [11], this map sends a quadratic form q : Zo + R/Z to (8, —)q, where 
the bracket denotes the bilinear pairing (x, y), = q(z + y) — q(x) — q(y). 
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6 Zo Z» ZE 73 Z3 Zi Zh 27 


Figure 15: Serre spectral sequence for (BO, B?Z5). Here the row q = 0 is the result of [64, Theorem 
1.6]. The row q = 3 is the result that H*(BO, Z5) = Z»[wi, wo, ...] where w; is the Stiefel- Whitney 
class of the virtual bundle (of dimension 0) over BO. The rows q — 0 and q — 3 are related by the 
universal coefficient theorem (2.20). The row q — 5 is resulting from the row q — 0 by the universal 
coefficient theorem (2.20). 


The next possibly non-zero differentials are on the Ez page: 


Hİ (BO, Z3) + H/*?(BO, R/Z) > H/*^(BO, Z). (4.7) 
The first map is contraction with 8. The second map comes from the long exact sequence 
--- — H*(BO, R) — H” (BO, R/Z) — H"* (BO, Z) — H"* (BO, R) — ---. (4.8) 
If H"(BO,R) = H"*!(BO,R) = 0, then H"(BO, R/Z) = H"*!(BO,Z). Since H"(BO,R) = 
H"(BO, Z) & R and H"(BO, Z) is finite if n is not divisible by 4, H”(BO,R) = 0 if n is not di- 
visible by 4, thus H"(BO, R/Z) = H"*1(BO,Z) for n= 1,2 mod 4. 


The last relevant possibly non-zero differential is on the Eg page: 


H?(BO, H?(B?Z5, Z)) + H9(BO, Z). (4.9) 


Following the appendix of [11], this differential is actually zero. 


So the only possible differentials in Figure 15 below degree 5 are d3 from (0,5) to (3,3) and da 
from the third row to the zeroth row. 
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By the Universal Coefficient Theorem (2.20), 
H” (BG, Z2) = H” (BC, Z) & Za O Tor(H^*! (BG, Z), Z2). (4.10) 


The Madsen-Tillmann spectrum MTG = Thom(BG; —V) where V is the induced virtual bundle 
over BG (of dimension 0) from BG > BO. 


By Thom isomorphism (1.12), H*( MTG, Z3) = H*(BG, Z2)U where U is the Thom class of —V 
with Sq'U = ū;U where w; is the Stiefel-Whitney class of —V such that (1 +0, +%9+---)(1+ 
w + wa +--:) = 1 where w; is the Stiefel- Whitney class of V, i.e., 0, = w1, Wa = wa + wi, etc. 
Here the U on the right means the cup product with U. 


We have the Adams spectral sequence 
Ext, (H*(MTO, Z2), Z2) > m (MTO) =P , (4.11) 
where A» is the mod 2 Steenrod algebra. The last equality is Pontryagin- Thom isomorphism. 


The A-module structure of H*(MT'G, Z2) below degree 5 is shown in Figure 16 where we 
intentionally omit terms that don’t involve the cohomology classes of B?Z5. 


i 25U + z3(w2 + wł)U 
22w1 U + 23(wa + wi)U + z2(w3 + wj)U zs + 23(wa + w2)U t 23w1U + 22w,w2U 
z2U + ua (wa + w2)U + mann (ueno 
z3U + x2w1U 


x3U 
r2U 
r3w2U + x2w3gU z3w$U + z3wqU 
. D D 
| z3w23U(za2waU) 23w2U (z3w3U) mama 
12w2U 23w2U 


Figure 16: The A-module structure of H* (MTO, Z3) below degree 5. Here x2 is the generator of 
H?(B?75, Z2), T3 = Sq! xo, and X5 = Sq?z3. 


Note that the position (0,3) in Figure 15 contributes to both H?(B?Z2, Z2) which is generated 
by 12 and H?(B?Z5, Z3) which is generated by x3, Bol za = x3. The position (2,3) corresponds to 
rw?, xw2, the position (3,3) corresponds to az, Zum, 1w3 for both x= xg and x = 23. 


Since (8, 8), = —2q(8), 4q(B) = q(28) = 0, there are 2 among the 4 choices of q(8) such that 
q > (B,—)g maps to the dual linear function of B, if we identify Zə with Z2, then the nonzero 


element in the image of q — (8, —), is just B. So Imd”) is spanned by z. 


The differential d” : H2(BO, Z5) + H?(BO, R/Z) = H*(BO, Z) is defined by 


^y)(vo, ..., v5) = (y(vo, . .-, v2) (8v2, ...,v5)). 


Let 8 = aw? + azwiw2 + azw3, if we identify Z5 with Zə, then ae (y) = yU B which is in 


H?(BO, Z5), while H°(BO, R/Z) = H9(BO, Z). Let y = byw? + bows, then yU 8 = ob + (aiba + 
azb1)ww + a2b301w3 + a3b1w2ws + a3b5w2ws. 


P au 


The differential di : H3(BO, Z2) 2 H'(BO,R/Z) = H” (BO, Z) is defined by 
di (C vo,- v) = (Gros -- 0) (Boss 9). 
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Let 8 = oul + azw]w + a3w3, if we identify Z5 with Za, then Biel = QU B which is in 


H?(BO,Z3), while HÉ(BO,R/Z) = H'(BO,Z). Let ¢ = cw? Lemma + c3ws, then QU B = 
a1ciu9 + agcgw? w2 + a3C3w2 + (aca + c1a2)wqwo + (a1c3 + c1a3)wi ws + (a2c3 + egal waws. 


Note that by the Universal Coefficient Theorem (2.20), 


H^(BO, Z2) = H” (BO, Z) & Zz & Tor(H^*! (BO, Z), Z2). (4.12) 


By [64, Theorem 1.6]: 
H* (BO, Z) & Zz = Z2[w3, Sq! (wi), Sq! (w2), Sq! (w1103), Sq! (wa), Sq! (wiwa), Sq! (wawa), . . .](4.13) 


where we list the generators below degree 7. Among the linear combinations of 
w?, ww, mu, w2w3, w2w3, only wwe + w?ws is in H°(BO,Z) & Z2 While among the linear 
combinations of w?, w/w, 3, wiwe, 3W3, 01203, only w2w2, wjws, we, and ww? + w3 are in 
H*(BO,Z) & Zo. 


So we claim that Kerd 2? is spanned by xy where y = byw? + bow, with a,b, = 0, a1b2 +a2b1 = 
a3b1, a2b2 = 0, agb = 0. While Kerd 2? is spanned by x6 where Å = cw? + cow» + C3w3 with 


ajc + C102 = 0, a2C3 + C203 = 0. 


In the following cases, we only consider the topological terms involving the cohomology classes 
of B?Z. 


Case 1: f = 0, there is no differential in Figure 15, the 5d topological terms are raw» (or 
z2w3), 23wí (or 2307) and gorz (see Figure 16). Note that r3w2 = 223, r3w? = row? and 
z5 = 23(wí + w2) by Wu formula (2.52). In this case BG = BO x B?Z2, MTG = MO ^ (B?Z3),, 
taMTG = Q9 (B?Z5). This case will be discussed later in another way. 

Case 2: 8 = wj, a = 1, az = a3 = 0. Kerd 2? is spanned by xy where y = byw? + bw» with 
bi = ba = Q. Kerd i? is spanned by zG where ¢ = cw? Leon + c3w3 with ca = 0. At the 
position (3,3), zow is killed in the Ez page, 22103 survives to the Ex, page, so the 5d topological 
terms are 2943 and 2213. 


Case 3: 6 = w1w», a; = 0, a2 = 1, az =0. Kerd 2? is spanned by xy where y = biw? + baus 


with bi = b = 0. Kerd?*) is spanned by x¢ where ¢ = cw? + cow we + c3w3 with cy = c3 = 0. 


At the position (3,3), z2w3 and 227 are killed in the E4 page, so the 5d topological term is 2273. 


Case 4: 6 = ws, a1 = a» = 0, a3 = 1. Kerd?? is spanned by xy where y = biw? + b3w» with 
bi = ba = 0. Kerd? is spanned by zG where G = cw? Leon + c3w3 with co = 0. At the 
position (3,3), 22103 is killed in the Ez page, z2w survives to the Ex, page, so the 5d topological 
terms are xow? and 2223. 

Case 5: 8 = w+w]w2, a1 = a» = 1, a3 = Q. Ker 2? is spanned by xy where y = b1w + b3w 
with bi = bo = 0. Kerd?*) is spanned by zG where ¢ = cw? + cau + caws with cy + c9 = 0, 
c3 = 0. At the position (3,3), r2(w? + w1w2) is killed in the Ez page, 22103 is killed in the E4 page, 
but since 231 = Boa = 0 by Wu formula (2.52), so the 5d topological term is 2913. 
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) 


Case 6: B = w1w2+w3, a1 = 0, a2 = a3 = 1. Kerd?? is spanned by xy where y = bw? + b3w2 


with bg = 0. Kerd?*) is spanned by x¢ where ¢ = eu? Leuna + c3w3 with ci = 0, ca + cs = 0. 
At the position (3,3), za(wiwo + ws) is killed in the Ez page, raw} is killed in the Eu page, but 
since z3w1w = Boa = 0 by Wu formula (2.52), so the 5d topological terms is 2223. 


Case 7: B = w +w, a1 = 1, a2 = 0, a3 = 1. Kerd 2? is spanned by xy where y = biw? +b2we 


with b; = bo = 0. Kerd?? is spanned by x¢ where ¢ = cw? + cow w2 + C3w3 with c9 = 0. At the 
position (3,3), v2(w} + 13) is killed in the Ez page, so the 5d topological terms are 2247 = 1903 


and 1223. 


Case 8: f = wi + w¡w + ws, a1 = ag = as = 1. Kerd 2? is spanned by xy where y = 


biw? + bows with bi = ba = 0. Kera?? is spanned by zG where G = ciw? + cow1w»o + c3w3 with 
C1 + co = 0, ca + c3 = 0. At the position (3,3), xo(w3 + w¡wa + ws) is killed in the Ez page, but 
since 22w 1 w2 = Boa = 0 by Wu formula (2.52), so the 5d topological term are maul = row; and 
T2123. 


5  O/SO/Spin/Pin^ bordism groups of classifying spaces 


In this section, we compute the O/SO/Spin/Pin^ bordism groups of the classifying space of the 
group 6 = Ga x BGy: BG = BG, x B?G,. Here BG; is a group since Gy is abelian. 


We briefly comment the difference between a previous cobordism theory [25] and this work: 
In all Adams charts of the computation in [25], there are no nonzero differentials, while in this 
paper we encounter nonzero differentials dn due to the (p, p")-Bockstein homomorphisms in the 
computation involving BZ,» and BZ,. 


5.1 Introduction 


For H = O/SO/Spin/Pin- and the group H x C, define 
MT(H x 0) := Thom(B(H x 6); -V) (5.1) 


where V is the induced virtual bundle over B(H x 6) by the composition B(H x 6) + BH > BO 
where the first map is the projection, the second map is the natural homomorphism. 


By the Pontryagin- Thom isomorphism (1.10) and the property of Thom space (1.7), OU (BG) = 
tal MTH ^BO,) = «4(MT(H x G)). Hence we can define 


07% .— r¿(MT(H x 6)) = Q7 (BO). (5.2) 


TP4(H x ©) := [MT(H x ©), Y**!77] (5.3) 
Here X is the disjoint union of X and a point. MT'O = MO, MTSO = MSO, MTSpin = MSpin, 


MTPin* = MPin”, MTPin” = MPin*. ra(B) is the d-th stable homotopy group of the spectrum 
B. 
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[B, E”+1 17] stands for the homotopy classes of maps from spectrum B to the (n + 1)-th sus- 
pension of spectrum JZ. The Anderson dual IZ is a spectrum that is the fiber of IC > IC* where 
IC(IC*) is the Brown-Comenetz dual spectrum defined by 


[X, IC] = Hom(roX, C), (5.4) 


[X, IC*] = Hom(zo X, C*). (5.5) 


By the work of Freed-Hopkins [4], there is a 1:1 correspondence 


deformation classes of reflection positive 
invertible n-dimensional extended topological $ = [MT(H x ©), Y" ^! IZ] toys. (5.6) 
field theories with symmetry group Hp x 6 


'There is an exact sequence 
0 > Ext! (mB, Z) > [B, X T7] 2 Hom(r4418,Z) > 0 (5.7) 


for any spectrum B, especially for MT(H x C). The torsion part [MT(H x ©), E”+1IZ]tors is 
Ext! ((m, MT(H x G))tors, Z) = Hom((tMT(H x G))tors, U(1)). 


H* (BZ5, Z3) = Za[a] (5.8) 
where |a| — 1. 
Theorem 18 (Serre, Ref. [67]). 
H*(B?Z5, Z2) = Za[Sq! aal admissible, ez(I) < 2] = Za[Sq? --- Sq?Sq'as]|i > 0] (5.9) 


where x» is the generator of H?(B?Z5, Z5). 


Denote Sq? Sq? Sd'ug = Borge 


Here Sq! = Sq'!Sq?... and I = (i1,i2,...) is admissible if i, > 2,41 for s > 1, ex(I) = 
2 sis ~~ 2is+1)- 
Theorem 19 (Ref. [67]). 


H*(BZ3, Z3) = Fz,[d',0] = Az,(a’) ® Za[V' (5.10) 


where |a’| = 1 and &' = Daag, 


Here (3,3) is the Bockstein homomorphism in Az. 


H*(B?Z3, Z3) Fale, Daags, Gage, B3, Qi, 1 > 1] = Aale, 63,3) Qiv5, i > 1] Az, La age, Gage, i > 1) 


where |z5| = 2 and Q; is defined inductively by Qo = Daa, Qi = P?"Q;-1-Q;-1P*" for 
i> 1. Let £3 = Dag, Tan = Vik, 959,9 = b(8,3)QiT2 for i > 1. 


Here P” is the n-th Steenrod power in A3. 


64 


H*(BPSU(2),Z2) = Zo[w?, wh]. (5.11) 
H* (BPSU(3), Z2) = Za[ca, c3]. (5.12) 


Here w; is the ¿-th Stiefel- Whitney class w;(PSU(2)) of the universal principal PSU(2)-bundle 
over BPSU(2). Let p; be the i-th Pontryagin class p;(PSU(2)) of the universal principal PSU(2)- 
bundle over BPSU(2), then nm ( mod 2) = w2. 


c; is the i-th Chern class c;(PSU(3)) of the universal principal PSU(3)-bundle over BPSU(3). 


Since MEUN = v(3), PSU(3) = PU(3). 
Theorem 20 (Ref. [68]). 

H*(BPSU(3), Za) = Fz,|22, 23, 27, 28, 212]/ J (5.13) 
where |z;| = i, J = (2223, 2227, 2228 + 2327) is the ideal generated by 2223, 2227, Z228 + 2327 and 


23 = D(a,3)22, 27 = Plz, zg = 8(3,3)27- Note that co( mod 3) = 22, ¢3( mod 3) = 23. 


In the following subsections, all bordism invariants are the pullback of cohomology classes along 
classifying maps f : M > X andg: M > BH. 


5.2 Point 
5.2.1 09 


Since the computation involves no odd torsion, we can use the Adams spectral sequence 


Ez" = Ext, (H* (MO, Z2), Z2) > mm MO = 0 ,. (5.14) 


Here 7; ,(MO)5 is the 2-completion of the group zx (MO). 
'The mod 2 cohomology of Thom spectrum MO is 
H* (MO, Z2) = As Q Q* (5.15) 
where Q = Za[ya, ya, Y5, Y6, Ys, - - - | is the unoriented bordism ring, Q* is the Z2-linear dual of 2. 


On the other hand, H*( MO, Z2) = Zəļw1, wa, ws, ...]U where U is the Thom class of the virtual 
bundle (of dimension 0) over BO which is the colimit of En — n and E, is the universal n-bundle 
over BO(n), w; is the i-th Stiefel- Whitney class of the virtual bundle (of dimension 0) over BO. 
Note that the pullback of the virtual bundle (of dimension 0) over BO along the map g : M — BO 
is just TM — d where M is a d-dimensional manifold and TM is the tangent bundle of M, g is 
given by the O-structure on M. We will not distinguish w; and w;(T'M). 
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Here y; are manifold generators, for example, y? = RP?, y, = RP*, ys is Wu manifold 
SU(3)/SO(3). By Thom’s result [1], two manifolds are unorientedly bordant if and only if they 
have identical sets of Stiefel- Whitney characteristic numbers. The nonvanishing Stiefel- Whitney 
numbers of y2 = RP? are wa and w?, the nonvanishing Stiefel-Whitney numbers of y2 = RP? x RP? 
are w2 and wa, the nonvanishing Stiefel-Whitney numbers of y4 = RP* are wł and wa, the only 
nonvanishing Stiefel- Whitney number of Wu manifold SU(3)/SO(3) is wow3. 


So y) = wi Or We, (y2)* = we, Y = wi, ys = w2w3, etc, where y7 is the Z2-linear dual of y; € Q. 


Below we choose yj = w? by default, this is reasonable since Sq?(xq_2) = (w2 + w2)zq.» on 
d-manifold by Wu formula (2.52). 


Hence we have the following theorem 


CO VG Gab rä o 
© 


Theorem 21. 


The bordism invariant of as is wi. 
The bordism invariants of QP are wi, w2. 


The bordism invariant of op is wows. 


oP WN eH Els, 
RI 
N 


Theorem 22. 


The 2d topological term is w?. 


The 4d topological terms are wi, we. 


The Ad topological term is wows. 
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5.2.2 GH 


Since the computation involves no odd torsion, we can use the Adams spectral sequence 
Ez" = Ext (H' (MSO, Z2), Z3) > m aM BO = 0$9.. (5.16) 
The mod 2 cohomology of Thom spectrum MSO is 


H* (MSO, Z2) = A2/A2Sq! E 314» /.AsSq! DEŠA- (5.17) 


-| — $98 As —À E45 — MA», — Az — Az/A2Sq! (5.18) 


is an A2-resolution where the differentials d are induced by Sol. 


The E> page is shown in Figure 17. 


S x 


Figure 17: 8° 


Hence we have the following theorem 


i 050 
0 Z 
1 0 
2 0 
3 0 
4 Z 
5 Z 


Theorem 23. 


The bordism invariant of Qu is c. 
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i TP;(SO) 
0 0 
1 0 
2 0 
3 Z 
4 0 
9 Za 


Here o is the signature of a 4-manifold. 


The bordism invariant of QSO is W2W3. 


Theorem 24. 


Since o = SIN) pi(TM) = aos, the 3d topological term is lost) 


The 5d topological term is wows. 


Bod p ™ 


Since the computation involves no odd torsion, we can use the Adams spectral sequence 


EJ? = Ext! (H' (MSpin, Z2); Z2) > mi-s(MSpin)2 = FPP. 
The mod 2 cohomology of Thom spectrum M Spin is 


H*(MSpin, Z2) = A28 4,1) (Za 6 M} 


where M is a graded A2(1)-module with the degree i homogeneous part M; = 0 for i < 8. Here 
A»(1) stands for the subalgebra of Az generated by Sq! and Sq?. For t — s < 8, we can identify the 


Es-page with 
s,t 
Ext. a) (Za, Z»). 


The E> page is shown in Figure 18. 


Hence we have the following theorem 


i gm 
0 Z 

1 Zo 
2 Z» 
3 0 

4 Z 

5 0 


Theorem 25. 
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Figure 18: Qe 


The bordism invariant of CES is 7). 


Here ñ is the “mod 2 index” of the 1d Dirac operator (#zero eigenvalues mod 2, no contribution 
from spectral asymmetry). 


The bordism invariant of spin is Arf (the Arf invariant). 


The bordism invariant of (en is 6 


oR NAO. 
RI 
N 


Theorem 26. 


The 1d topological term is 1j. 
The 2d topological term is Arf. 


The 3d topological term is Tes. 
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5.2.4 ae 


Since the computation involves no odd torsion, we can use the Adams spectral sequence 
Ej? = Ext (H' (MPin7, Z3), Z2) > m, (MPin-)) = OF". (5.21) 
MPin” = MTPin* ~ MSpin ^ S! A MTO(1). 
For t — s < 8, we can identify the E5-page with 
Ext, (H*  (MTO(1), Z3), Z3). 


By Thom's isomorphism, 
H* !(MTO(1), Z3) = Zaļwı]U (5.22) 


where U is the Thom class of the virtual bundle — E; over BO(1), Ej is the universal 1-bundle over 
BO(1) and wy is the 1st Stiefel- Whitney class of E; over BO(1). The A2(1)-module structure of 
H*-! (MTO(1), Z2) and the E» page are shown in Figure 19, 20. 


U 


Figure 19: The A2(1)-module structure of H*~'(MTO(1), Z2) 


Hence we have the following theorem 


"Iu 
Za 


om GH to ojs 
N 
N 


Theorem 27. 


The bordism invariant of OP" is wy U7. 


The bordism invariant of OP" is a U Arf. 


The bordism invariant of QP” is y. 


Here ņ is the usual Atiyah-Patodi-Singer eta-invariant of the 4d Dirac operator (=“+zero eigen- 
values + spectral asymmetry”). 
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Figure 20: apar 


TP; (Pin?) 


aR WN to Els, 
RI 
N 


Theorem 28. 


The 2d topological term is w1 U 7. 
The 3d topological term is mn U Arf. 


The 4d topological term is 1. 


5.2.5 OEE 


Since the computation involves no odd torsion, we can use the Adams spectral sequence 
ES = Ext (E (MPA, Zo Za) m; (MP) E OP. (5.23) 
MPin* = MTPin” ~ MSpin ^ $7! A MO(1). 
For t — 5 < 8, we can identify the E»-page with 


Ext, (H**  (MO(1), Z2), Z2). 


(1) 
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By Thom's isomorphism, 
H*t!(MO(1), Z2) = Z2[w1]U (5.24) 


where U is the Thom class of the universal 1-bundle E, over BO(1) and wy is the 1st Stiefel- Whitney 
class of E; over BO(1). The A2(1)-module structure of H**1(MO(1), Za) and the Ez page are 
shown in Figure 21, 22. 


U 


Figure 21: The A2(1)-module structure of H** 1 (MO(1), Z3) 


$ x 


Figure 22: (Un 


Hence we have the following theorem 

On ` 
2 
Z5 
Z2 
Lg 


CO d Ga ka äiss, 


Theorem 29. 


The bordism invariant of QP is 7. 
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The bordism invariant of OP is ABK (the Arf-Brown-Kervaire invariant). 


i TP;(Pin_) 
0 Za 
1 Z5 
2 Zs 
3 0 
4 0 
5 0 


Theorem 30. 


The 1d topological term is 7. 


The 2d topological term is ABK. 


5.3 Atiyah-Hirzebruch spectral sequence 


If H = O/SO/Spin/Pin*, by the Atiyah-Hirzebruch spectral sequence, we have 


Hp(BG, 07) > Q7. (BO). (5.25) 


If H = O/Pin*, since QH are finite, Q//*9 = QH (BG) are also finite, so TP¿(H x G) = OP 
for H = O/Pin*. 


If H = SO/Spin, 


Z q-— 

0 q= 

zs 0 q=2 
QF =30 q=3. (5.26) 

Z qz=4 

la q= 

0 q= 

q=0 

q=1 
QS DEER (5.27) 


GO CN NNN 
N H 
RQ 
Il 
h2 


If H,(BG,Z) are finite for p > 0, then OZ(BO) is finite and TP5(H x 6) = OZ(BO) for 
H = SO/Spin. 
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If G = PSU(2) = SO(3), since H2(BSO(3), Z) and Hg(BSO(3), Z) are finite, OZ (BG) is also 
finite and TP5(H x 6) = OP (BG) for H = SO/Spin. 


If 6 = PSU(3), then H;(BPSU(3), Z) contains a Z while H2(BPSU(3), Z) does not, so Q# (BG) 
contains a Z and TP5(H x C) = OZ (BO) x Z for H = SO/Spin. 


5.4 B?G, : B?Z5, B?Z; 
5.4.1. Q9 (B?Z5) 


Since the computation involves no odd torsion, we can use the Adams spectral sequence 


Ez" = Ext, (H* (MO ^ (BZ2)+, Z2), Z2) > (MO ^ (B?25),)? = 0? ,(B?Z5). — (5.28) 


Theorem 31 (Thom). e 7, MO = Q = Za[ya, Ya, Y5, Y6) Y8,- l. 
e H*(MO, Z2) = A2 ® Q* where Q* is the Z2-linear dual of Q. 


yo = RP?, y4 = RP, ys is the Wu manifold W = SU(3)/SO(3), ... 
yà = wo(T M) or wi(TM)?, y3 =w(TMY, y = w (TM), yi = wa(TM)wa(TM), ... 


Theorem 32 (Serre). 
H* (B?Z5, Z2) = Za[xa, L3, L5, TEE ] 


where 13 = Bol ra, z5 = Bola, x9 = Sq^zs, ... 


By Künneth theorem, 


H* (MO ^ (B°Z2)+, Z3) 
= H*(MO, Z2) @ H'(B?Z5, Z5) 
= Ao ® Zolya, Ya, Ys, Vos Ys, ---) O Za|va, 23, £5, Lo, ...] 
= 420204205 %420420%42 045420 --- (5.29) 


Here X” As is the n-th iterated shift of the graded algebra Ag. 
Since 


(5.30) 


"m f Bomi (3745,23) = Z3 ift=r,s=0 
Eat: (27.45, Z2) = { Sé EE 


else 
we have the following theorem 


Theorem 33. 
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The bordism invariants of 09 (B?Z3) are 23, wi. 

The bordism invariant of Q9 (B?Z5) is 23 = W112. 

The bordism invariants of 09 (B?Z5) are 12, wi, w2z3, w2. 

The bordism invariants of Q9 (B?Z3) are Tata, £5, wizz, W9W3. 

Here w; is the i-th Stiefel-Whitney class of the tangent bundle of M, x2 is the generator of 
H?(B?Z5, Z2), £3 = Sq!x», r5 = Bo? Sol za, since there is a map f : M > B?Z» in the definition of 


cobordism group, we identify z with f*(x2) = f. By Wu formula, Sq?z4..9 = (wa + w?)xa—2 on 
d-manifolds. 


TP;(O x BZ) 
Z3 


ok WN HE Ole. 
RI 
NN 


Theorem 34. 


The 2d topological terms are za, we. 
The 3d topological term is 13 = w 122. 
The 4d topological terms are 22, wł, w?x, w2. 


The 5d topological terms are 1223, U5, W773, ws. 


542 (O59 CB? 23) 


Since the computation involves no odd torsion, we can use the Adams spectral sequence 


Ez" = Ext, (H*(MSO ^ (B°Z2)+, Z2), Z2) > mi (MSO A (B?22),)) = Q29,(B?Z5). (5.31) 


sS 


Since H*(B?Z2, Z2) = Zo[x2, £3, £5, 19,...] where za is the generator of H?(B?Z5, Z2), x3 
Sol zz, xs = Bo Salz, z9 = Sq!Sq?Sq zs, etc, Sala = z3, Sqlxz = 0, Sq! (x2) = 0, Sql (2273) 
Sq! (25) = z2. We have used (2.50) and the Adem relations (2.67). 
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We shift Figure 2 the same times as the dimension of H* (B?Z», Z2) at each degree as a Za-vector 
space. We obtain the E, page for QSO (B?Z5), the differentials dı are induced by Sol. as shown in 


Figure 23. 


AAA 


EAS 


Lä 
w 
gp 
on 
O) 


Figure 23: E, page for 029 (B?Z;) 


There is a differential d2 corresponding to the Bockstein homomorphism £(2 4) 


: H*(-, Z4) A 


H**!(—,Z3) associated to 0 > Za > Zs > Z4 > 0 [57]. See 2.5 for the definition of Bockstein 
homomorphisms. Note that 
1 
B(2,4)P» (2) = 419 P2 (2) mod 2 
1 
= 192 U £2 + £2 U 012) 
1 
1 


= (6a U £2 + T2 U 0x2 + Ó(zo U 022)) 


Ej cam 


(222 U 6x2 + Ó0x2 y 912) 


1 1 1 
x3U (5922) + (5022) y (5022) 
x28q' x2 + Sq! 2 U Sq' zz 


128q! 22 + Bol Salz 


X233 + T5 (5.32) 


We have used Daa = tô mod 2, the Steenrod's formula (2.12), Sq! = B(2,2) = 30 mod 2, and the 


definition Sq*z, = £n U tp. 
n—k 


So there is a differential such that do(zova + 25) = 23h2. 


Then take the differentials da into account, we obtain the E» page for 029 (B?Z3), as shown in 


Figure 24. 
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Figure 24: 029 (B?75) 


Hence we have the following theorem 


03° (B774) 
Z 
0 


TRONO >. 
RI 
N 


Theorem 35. 


The bordism invariant of 05%(B?Z3) is 23. 
The bordism invariants of 029 (B?Z5) are o and P2(z2). 
The bordism invariants of 089 (B?Z5) are 15 = 2913 and wow3. 


Here P2(x2) is the Pontryagin square of zə. c is the signature of a 4-manifold M. x9213 + 
us = 50 Data) [69] where up is the twisted first Stiefel- Whitney class of the tangent bundle, in 
particular, w; = 0 implies w; = 0, so 1213 = 15 on oriented 5-manifolds. 

0 
0 
Z3 
Z 
Z4 
Z 


eA Go Hä kä OJS 


Theorem 36. 
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The 2d topological term is x2. 


The 3d topological term is lost 


The 4d topological term is P2(12). 


The 5d topological terms are £5 = 2x3 and wows. 


5.4.8. OP(B2Z,) 


Since the computation involves no odd torsion, we can use the Adams spectral sequence 


EJ? = Ext! (H* (MSpin ^ (B?Z2)4, Z3), Z2) > mi. (MSpin ^ (B?25),)2 = 027 (B7Z3). (5.33) 


S 


For t — s < 8, we can identify the E5-page with 
Ext ay (H*(B’Zz, Z2), Z2). 


H*(B?Z5, Z3) = Zo[r2, £3, 25, 19,...] where x2 is the generator of H?(B?Z5, Z2), x3 = Bola, 
ty = Bot Bue, sg = Sq*Sq’Sq'ao, ete, Son = 23, Boa = x2, Boa = 0, Sq'z, = z5, 
Sq! (12) = 0, Sq’ (xe23) = TE Sqlzs = Sq?z2 = us. Sq?z; = 0. Sq?(xox3) = 2323 + 2225. We have 
used (2.50) and the Adem relations (2.67). 


There is a differential d2 corresponding to the Bockstein homomorphism (2,4) : H*(—, Z4) > 
H**!(—,Z3) associated to 0 > Za > Zg > Za > 0 [57]. See 2.5 for the definition of Bockstein 
homomorphisms. 


By (5.32), there is a differential such that do(zoza + 25) = z2hg. 


123 


T2 


re 


Figure 25: The A2(1)-module structure of H*(B?Z5, Z2) 


The A2(1)-module structure of H*(B?Z5, Z2) is shown in Figure 25. The dot at the bottom is 
a Za which has been discussed before. Now we consider the part above the bottom dot. We will 
use Lemma 11 several times. Two steps are shown in Figure 26, 27. 
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12:33 T213 


T2 T2 


D —— M ——3 N 


Figure 26: First step to get the E» page of OS?" (B273). 


Fatz i233 
o 
T2 T2 
P —— N —=>+ Q 


Figure 27: Second step to get the Ey page of Q2P^ (B27,). 


We will proceed in the reversed order. 


First, we apply Lemma 11 to the short exact sequence of A2(1)-modules: 0 + P>N>0Q>0 
in the second step (as shown in Figure 27), the Adams chart of Rat uf , Z2) is shown in Figure 
28. 


Next, we apply Lemma 11 to the short exact sequence of A2(1)-modules: 0 L > M > N > 0 
in the first step (as shown in Figure 26), the Adams chart of Extn) M, Z5) is shown in Figure 
29. 


Then take the differentials do into account, we obtain the E» page for Oo (p27,), as shown 
in Figure 30. 


Hence we have the following theorem 


Theorem 37. 


The bordism invariants of 08?" (g27,) are £z and Arf. 


The bordism invariants of Q P (g27,) are 37 and Paleo) 
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Figure 28: Adams chart of Ext qj (NV , Z2). The arrows indicate the differential d1. 


$ x 


Figure 29: Adams chart of Ext? aM , Z2). The arrows indicate the differential d. 


QSP™(B?Z3) 
Z 
Z2 
75 


oR Nhe Ojo. 
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Figure 30: Q9 (g27,) 


By Wu formula, z2 = Sq?(z3) = (wa(T M) + w¡(TMy?)x2 = 0 on Spin 4-manifolds, x5 = 
Sq^(z3) = (wa(T M) + am (TM la = 0 on Spin 5-manifolds, P2(x2) = 23 = 0 mod 2 on Spin 
4-manifolds. 


Here Arf is the Arf invariant. o is the signature of Spin 4-manifold, it is a multiple of 16 by 
Rokhlin's theorem. 


TP; (Spin x BZ3) 
0 
Z5 
Z3 
Z 
Z3 
0 


orWNF Ol. 


Theorem 38. 


The 2d topological terms are x2 and Arf. 
The 3d topological term is Tog 


Pa(x2) 
NE EMO 


The 4d topological term is 


5.4.4 QPin* (B2Z,) 


Since the computation involves no odd torsion, we can use the Adams spectral sequence 


Ej? = Ext (H' (MPin- ^ (B?Z2)4,Z2),Z2) > m, (MPin- ^ (B?Z))4)2 = OP" (B?Z)). (5.34) 


8l 


MPin” = MTPin* ~ MSpin ^ St A MTO(1). 


For t — s < 8, we can identify the E5-page with 


Ext*! 4, (H7! (MTO(1), Z2) & H* (B?Z5, Z2), Z2). 


A2(1) 


The A2(1)-module structure of H*^! (MTO(1), Z3) & H*(B?Z», Z3) and the E» page are shown 
in Figure 31, 32. 


e uos 
X2 
o 
U 1 
wix3Uxr2z13U 
2 
T3 
w¡19U 


Figure 31: The A2(1)-module structure of H*  (MTO(1), Z2) & H* (B?Z2, Z2) 


Hence we have the following theorem 


Theorem 39. 


The bordism invariants of 05" (BZ Za) are xg and wj. 


The bordism invariants of SE (B?Z5) are ma = 23 and wj Arf. 


The bordism invariants of OP?" (B?75) are qs(12) and n. 
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Figure 32: QPin* (B2Z,) 


Quo (BZ) 


oP NAO >. 
RI 
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The bordism invariants of quer (B?Z5) are 1213 and w?x3(= 25). 


Here 7 is the “mod 2 index” of the 1d Dirac operator (#zero eigenvalues mod 2, no contribution 
from spectral asymmetry). 


£3 = Sql zo = wr» on 3-manifolds by Wu formula. 
qs is explained in the footnotes of Table 3. 


y is the usual Atiyah-Patodi-Singer eta-invariant of the 4d Dirac operator (=“#zero eigenvalues 
+ spectral asymmetry" ). 


z5 = Sq?z3 = (wa + w2)v3 = w?x3 on Pint 5-manifolds by Wu formula. 


TP; (Pin* x BZ) 
Z2 


or WNEH Cle. 
N 
NN 
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Theorem 40. 


The 2d topological terms are x2 and unn, 
The 3d topological terms are w1£2 = 13 and um Art, 
The 4d topological terms are qs(12) and 7. 


The 5d topological terms are zoz3 and w?x3(= 25). 


5.4.5 OP» (B275) 
Since the computation involves no odd torsion, we can use the Adams spectral sequence 


EJ" = Ext? (H' (MPin* ^ (B?Z2)4,Z2),Z2) > ris (MPin* ^ (B?25),)? = 0% (B?Z5). (5.35) 


MPin* = MTPin” ~ MSpin ^ S7! A MO(1). 


For t — s < 8, we can identify the E5-page with 


Ext a) (H** (MO(1), Z2) & H* (B?Z5, Z2), Z2). 


The A2(1)-module structure of H**! (MO(1), Za) 9 H*(B?Z5, Z3) and the E» page are shown in 
Figure 33, 34. 


Hence we have the following theorem 


QP (B?7;) 
Z2 
Z5 
Zo x Zg 
Z5 
Z5 
Z5 


CUu Go kä äiss, 


Theorem 41. 


The bordism invariants of (UI (B?75) are zo and ABK. 
The bordism invariant of gre (B?Z35) is wire = 23. 
The bordism invariant of On (B?Z2) is w23. 

The bordism invariant of QF (B?75) is 2223. 


Here ABK is the Arf-Brown-Kervaire invariant. r3 = Sq! xe = w x2 on 3-manifolds by Wu 
formula. 
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T1233 


T2 


Figure 33: The A2(1)-module structure of H** (MO(1), Z3) & H*(B?Z5, Z3) 


TP; (Pin^ x BZ) 
Z5 
Z5 
Za x Zg 


oF WN e Ojo. 


Theorem 42. 


The 2d topological terms are zo and ABK. 
The 3d topological term is w x2 = 23. 
2 


The 4d topological term is mz. 


The 5d topological term is 1223. 
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3 
2 
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0 D e e. D 
> 
0 1 2 3 4 5 t-s 
Figure 34: QP” (B?75) 
5.4.6 09(B?Z3) 
Ext, (H* (MO ^ (B?Z3),., Z2), Z2) > 0 ,(B?23)5. (5.36) 
Ext, (H* (MO ^ (B?Z3),, Z3), Z3) > OP ,(B?73)5. (5.37) 


Since MO is the wedge sum of suspensions of the Eilenberg-MacLane spectrum HZ», H* (MO, Z3) = 
0, thus 09 (B?Z3)5 = 0. 


Since H*(B?Z3, Z2) = Z3, we have 09 (B?Z3)2 = 09. 


Hence 09 (B?Z3) = 09. 


QP(B?Z3) 
Za 


op Go hä rä ojs 
RI 
N 


Theorem 43. 


The bordism invariant of 09 (B?Z3) is w2. 
The bordism invariants of 09 (B?Z3) are wi, w2. 


The bordism invariant of 09 (B?Z3) is wow3. 
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1 TP;(O x BZ3) 
0 Zə 
1 0 
2 Zə 
3 0 
4 z2 
5 Z2 
Theorem 44. 
The 2d topological term is w?. 
The 4d topological terms are wł, w2. 
The 5d topological term is wows. 
5.4.7. Q59 (B?Z3) 
Ext, (H*(MSO ^ (B?Z3),., Z2), Z2) > 072,(B?Z3)2. (5.38) 


Since H*(B?Z3, Z2) = Z2, we have 059 (B?73)? = 059. 
Ext, (H*(MSO ^ (B?Z3),., Z3), Z3) > 0$9,(B?73)5. (5.39) 


s 


The dual of A3 = H*(HZs, Z3) is 


A3. = H. (HZ3, Z3) = Az, (To, Ti, sa ) Gi Z3[€1, £o, des sl (5.40) 
where Ti = (po ics - PSP AB 3))* and és = (po se Pepa, Let C = Z3[€1, 2, m | € As, then 
H.(MSO,Z3) = C 8 Za[z,, z),...] (5.41) 


where |z;| = 4k for k # m 
H*(MSO, Z3) = (Za|el5,...]* 8 C* =O" ere, (5.42) 
where C* = A3/(((3,3)) and ((,3)) is the two-sided ideal of A3 generated by Ga an. 
++» E AO X943 8 — EA 6 DAZ S++» — Az — Az/(B(33)) (5.43) 
is an Az-resolution of A3/(8(3,3)) where the differentials di are induced by B(3,3)-- 


H* (B?Z3,Z3) = Za|x5, £k, ...] 9 Az, (25,5, ...) (5.44) 


Daat = 23, Bes) 1% = 22923. 
The E> page is shown in Figure 35. 


Hence we have the following 
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Figure 35: 020 (B?73)^ 


039 (B?Z3) 


CU uo NR Cie, 
N 
Cu 


Theorem 45. 


The bordism invariant of 059 (B?Z3) is 22. 
The bordism invariants of 029 (B?Z3) are o and 2%. 


The bordism invariant of 029(B?Z3) is wow3. 


0 
0 
Za 
Z 
Za 
Z5 


CO WN Fr Ole. 


Theorem 46. 


The 2d topological term is x}. 


The 3d topological term is tag 
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The 4d topological term is 2%. 


The 5d topological term is waw3. 
5.4.8 0(B2Z3) 


Ext (H*(MSpin ^ (B?Z3)4, Z2), Z2) > QPP (B?73)5. (5.45) 


Since H*(B?Z3, Z2) = Z2, we have Q2P^ (B274)^ = OCT, 


Ext, (H* (MSpin ^ (B?Z3).., Z3), Z3) > Q7? (B?Z3)5. (5.46) 
Since there is a short exact sequence of groups 
] — Z2 — Spin — SO — 1, (5.47) 
we have a fibration 
BZ ——> BSpin (5.48) 
BSO 


Take the localization at prime 3, we have a homotopy equivalence BSpin(s; ~ BSO(z, since the 
localization of BZa at 3 is trivial. Take the Thom spectra, we have a homotopy equivalence 
MSpin(3; ~ MSO(s;. Hence 


H*(MSpin, Z3) = H*(MSO, Z3). (5.49) 
We have the following 


QS Pn (B2Z3) 
Z 


Z2 
Z5 x Z3 
0 
Z x Za 
0 


oRWNF Ole. 


Theorem 47. 


The bordism invariants of 08?!" (B273) are Arf and 2%. 


The bordism invariants of 08?" (B273) are 4; and xf. 


Theorem 48. 


The 2d topological terms are Arf and zi, 


The 3d topological term is los 9. 


The 4d topological term is 2. 
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TP;(Spin x BZ3) 
0 
Z2 
Za x Z3 
Z 
Z3 
0 


COUR WNF OSS. 


5.4.9 QU" (B?7,) 


Ext. (H*(MPin~ ^ (B?Z3)4, Z2), Z2) > OP" (B?Z3)2. (5.50) 


Ext, (H*(MPin* ^ (B*Z3)4,Z3),Z3) OCH, (B?23)3. (5.51) 


Since MTPin* = MPin” ~ MSpin A S! A MTO(1) and H*(MTO(1),Z3) = 0, we have 
H*(MPin”,Z3) = 0, thus Qin" (B2Z3)2 = 0. 


Since H*(B?Z3, Z2) = Za, we have SEN (B2Z3)2 — QT 


Hence QPin* (B27,) = OË", 


OFP* (B?z5) 


om Go Hä ta ojs 
RI 
N 


Theorem 49. 


The bordism invariant of QP" (B?Z3) is wif. 


The bordism invariant of On ` (B2Z3) is wj Arf. 


The bordism invariant of QF!” (B?Z3) is n. 


TP;(Pin* x BZ3) 
Z2 


oF WN Fi Oj. 
N 
Y 


Theorem 50. 
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The 2d topological term is w17). 
The 3d topological term is ww, Arf. 


The 4d topological term is 7. 


5.4.10 OP» (B2Z3) 


Ext, (H*(MPin* ^ (B?Z3)4,Z2),Z2) > Of (B?Z3)2. (5.52) 
Ext, (H*(MPin* A (B?Z3)4,Z3),23) > 07%, (B?Z3)3. (5.53) 
Since MTPin” = MPin* ~ MSpin A S^! A MO(1) and H*(MO(1),Z3) = 0, we have 


H*(MPin*,Zs) = 0, thus Qin (B?74)? 2 0. Since H*(B?Z3,Z2) = Z2, we have NE™ (B?Z3)2 = 
Qu. 


Hence QE?" (B?Z3) = Ob". 


i OP” (B?73) 
0 Z5 
1 Z5 
2 Zs 
3 0 
4 0 
5 0 


Theorem 51. 


The bordism invariant of OF (B?Z3) is ABK. 


i TP;(Pin* x BZ3) 
0 Za 
1 Za 
2 Zs 
3 0 
4 0 
5 0 


Theorem 52. 


The 2d topological term is ABK. 
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5.5 BG, : BPSU(2), BPSU(3) 


55.1: NO(BPSU()) 


H* (MO, Z2) € H'(BPSU(2),Z2) = 420 22.45 6 XSA 6 AE Aa 6 33242 ep, (5.54) 


Ext (H* (MO ^ (BPSU(2))+,Z2), Z2) > 0 ¿(BPSU(2))2 (5.55) 


QP(BPSU(2)) 
Z2 


ok WN HE Ole. 
RI 
NN 


Theorem 53. 


The bordism invariants of Q9 (BPSU(2)) are w^, w2. 
The bordism invariant of ON (BPSU(2)) is w} = 1%). 
The bordism invariants of Q9 (BPSU(2)) are w2, wt, w2w5, w2. 


The bordism invariants of O9 (BPSU(2)) are 0203, w2w5, w^w5. 


TP;(O x PSU(2)) 
LZ 


oe Go Hä ta Ole. 
RI 
NN 


Theorem 54. 


The 2d topological terms are wh, w?. 
The 3d topological term is wi = 12. 
The 4d topological terms are w2, wi, wzw5, w2. 


The 5d topological terms are 0203, w7w, whw3. 
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5.5.2. OF°(BPSUQ)) 


Ext, (H*(MSO ^ (BPSU(2))+, Z2), Z2) (EE (BPSU(2))2. (5.56) 
The E> page is shown in Figure 36. 


$ x 


Figure 36: (OCH (BPSU(2))5 
03° (BPSU(2)) 
Z 


am GH to Ole. 
RI 
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Theorem 55. 


The bordism invariant of (OST (BPSU(2)) is a, 

The bordism invariants of 029 (BPSU(2)) are ø, pi. 

The bordism invariants of QSO (BPSU(2)) are 203, w¿w%. 

The manifold generators of 029 (BPSU(2)) are (CET, 3) and (CP?, Lc +1) where n is the trivial 
real n-plane bundle and Lc is the tautological complex line bundle over CP?. Note that the principal 


SO(3)-bundle P associated to Lc + 1 is the induce bundle P’ zs souz SO(3) from P’ 


S! = S0(2) —— S? (5.57) 


| 


CP? 
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by the group homomorphism o ` SO(2) > SO(3) which is the inclusion map, that means P = 
P’ xso(2, SO(3) = (P' x SO(3))/SO(2) which is the quotient of P' x SO(3) by the right SO(2) 


action 


(p. g)h = (ph, ah Toi, (5.58) 


pi(Le +1) = pi(Le) = —c2(Le Or €) = —e(Lc 6 Lc) = —c1(Le)ci (Le) = (Lc). (5.59) 
So 


D pi(Le +1) = 1. (5.60) 
CP? 


TP;(SO x PSU(2)) 
0 
0 
Zo 
7? 
0 
Z3 


orWNF OS. 


Theorem 56. 


The 2d topological term is u$. 
Since p, = dcs o9». the 3d topological terms are logi ™) and Ce 


The 5d topological terms are 10203, w5ws. 
5.5.8. O5™(BPSU(2)) 


Ext, (H*(MSpin ^ (BPSU(2))+, Z2), Z2) > 2?!" (BPSU(2)%. (5.61) 
For t—s <8, 


Ext, (H' (BPSU(2), Z2), Z2) => 072 (BPSU(2))9. (5.62) 


(1) 


The A2(1)-module structure of H*(BPSU(2), Z2) and the E» page are shown in Figure 37, 38. 
Theorem 57. 


The bordism invariants of OS” (BPSU(2)) are w^ and Arf. 


By pu formula (2.52), wi? = Sq?(w)) = (wa(T M) + am (TM luck = 0 on Spin 4-manifolds, 
p, =w% =0 mod 2 on Spin 4-manifolds. 


The bordism invariants of 08?" (BPSU(2)) are 37 and m. 
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Figure 37: The .42(1)-module structure of H*(BPSU(2), Z2) 


$ x 


Figure 38: OP" (BPSU(2) js 


Q?P" (BPSU(2)) 
Z 
Z2 
z3 
0 
72 
0 


CU coo NR Ojo. 


TP;(Spin x PSU(2)) 
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Theorem 58. 
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The 2d topological terms are w) and Arf. 


The 3d topological terms are iog and log P905. 


5.5.4. QPi"  (BPSU(2)) 


Ext, (H* (MTPin* ^ (BPSU(2))+,Z2), Z2) > ON (BPSU(2)). (5.63) 
MTPin* = MSpin ^ S! A MTO(1). 
Fort=s<8, 


Ext^. y (H**(MTO(1), Z3) & H* (BPSU(2), Z2), Z2) > QP! (BPSU(2))^. (5.64) 


The A2(1)-module structure of H*~!(MTO(1), Z2) 9 H*(BPSU(2), Z2) and the E» page are 
shown in Figure 39, 40. 


ES 


Figure 39: The A2(1)-module structure of H*~'(MTO(1), Z2) & H*(BPSU(2), Z5) 
Theorem 59. 
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Figure 40: QP" (BPSU(2)) 


QS (BPSU() 
Z5 


CO GG Ga kä Oj». 
N 
NN 


The bordism invariants of 05" (BPSU(2)) are w^ and wii. 


The bordism invariants of OF" (BPSU(2)) are ww} = w} and wj Arf. 


The bordism invariants of Qpin (BPSU(2)) are qs(w5) (this invariant has another form, see the 
footnotes of Table 3) and 7. 


The bordism invariant of QP»* (BPSU(2)) is w2ws(= whws). 
TP;(Pin* x PSU(2)) 
Z2 


oP WN aos. 
RI 
NN 


Theorem 60. 


The 2d topological terms are wu and wn. 


The 3d topological terms are wyw, = w4 and um Arf. 
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The 4d topological terms are qs(w3) and 7. 


The 5d topological term is ww (= w5w5). 
5.5.5. OF (BPSU(2)) 


Ext! (H'(MTPin^ ^ (BPSU(2)),, Z2), Z2) = 02% (BPSU(2))5. (5.65) 
MTPin” = MSpin ^ S7! A MO(1). 
For t—s < 8, 


Ext, (H**  (MO(1), Z2) & H*(BPSU(2), Z2), Z2) > OF; (BPSU(2))2. (5.66) 


The .A»(1)-module structure of H** ! (MO(1), Z2) & H* (BPSU(2), Z3) and the E» page are shown 
in Figure 41, 42. 


ES 


Figure 41: The A2(1)-module structure of H**1(MO(1), Za) & H*(BPSU(2), Z3) 
Theorem 61. 
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Figure 42: QP” (BPSU(2))^ 


QP (BPSU(2)) 
Z3 
Zo 
Za x Zg 
Z2 


CO Ga ka Ole: 


The bordism invariants of QS” (BPSU(2)) are w} and ABK. 
The bordism invariant of QM" (BPSU(2)) is wiw} = w4. 


The bordism invariant of OP" (BPSU(2)) is w2w5. 


TP;(Pin x PSU(2)) 
Z5 
Zo 
Za x Zg 
Zo 
Z2 
0 


o A GO Mä Fa OOl. 


Theorem 62. 


The 2d topological terms are w^, and ABK. 
The 3d topological term is wiw} = w3. 


The 4d topological term is w?w%. 
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5.5.6 O9 (BPSU(3)) 


Ext, (H* (MO, Z3) 9 H*(BPSU(3), Z3), Z3) > OP ,(BPSU(3)5. 


Since H*(MO, Z3) = 0, Q9 (BPSU(3))^ = 0. 


Ext, (H* (MO, Z5) & H*(BPSU(3), Z2), Z2) > QP. ,(BPSU(3))9. 


H* (MO, Z2) @ H*(BPSU(3), Z3) = 420 X245 AE Aa 6 YN 420 ---. 


QP(BPSU(3)) 
Z2 
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Theorem 63. 


The bordism invariant of Q9 (BPSU(3)) is wi. 
The bordism invariants of Q9 (BPSU(3)) are wł, w3,c2( mod 2). 


The bordism invariant of OP (BPSU(3)) is wows. 


TPjO x PSUG)) 
Z2 


oak WN HE Ole. 
RI 
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Theorem 64. 


The 2d topological term is w?. 


The 4d topological terms are wf, w3, et mod 2). 


The 5d topological term is wes. 


5.5.7 QS? (BPSU(3)) 


Ext. (H*(MSO, Z2) & H* (BPSU(3), Z2), Z2) > 029, (BPSU(3)). 


S 
2 
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(5.67) 


(5.68) 


(5.69) 


(5.70) 


H* (BPSU(3), Z2) = Za [co, c3]. (5.71) 


The E> page is shown in Figure 43. 


S A 

9 

4 

3 

2 

1 

0 D 

> 
0 1 2 3 4 5 6 t-s 
Figure 43: OCH (BPSU(3))5 
Ext, (H* (MSO, Z3) € H*(BPSU(3), Z3), Z3) > 09, (BPSU(3))5. (5.72) 

H* (BPSU(3), Z3) = (Z3lzo, 28» 212) e Az, (23, 27))/ (2223, 2927, Z228 + 2327) (5.73) 


B(3,3)22 = 23; Bis, 22 = 22223 = 0, Bis 23 =0. 


The E page is shown in Figure 44. 


OP (BPSU(3)) 
Z 
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Theorem 65. 
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Figure 44: 029 (BPSU(3))5 


The bordism invariant of 059 (BPSU(3)) is 22. 
The bordism invariants of Q2? (BPSU(3)) are c, co. 
The bordism invariant of 099 (BPSU(3)) is waws. 
The bordism invariant of O29 (BPSU(3)) is c3. 


The manifold generators of N$ (BPSU(3)) are (CP?, CP? x PSU(3)) and (S*, H) where H is 
the induced bundle from the Hopf fibration H' 


$9 = SU(2) — S" (5.74) 


| 


ei 


by the group homomorphism p : SU(2) + PSU(3) which is the composition of the inclusion map 
SU(2) — SU(3) and the quotient map SU(3) — PSU(3), that means H = H' sa PSU(3) = 
(H' x PSU(3))/SU(2) which is the quotient of H' x PSU(3) by the right SU(2) action 


(p. g)h = (ph, p(h-)g). (5.75) 


Theorem 66. 


The 2d topological term is 22. 
Since cg = deg. the 3d topological terms are ios M) and Ger o 
Since c3 — IA the 5d topological term are os (PSU6) and wows. 
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TP;(SO x PSU(3)) 


ap Qo Ole. 
N 
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5.5.8 QSP (BPSU(3)) 


For t—s <8, 


Ext% a (H' (BPSU(3), Z2), Z2) > Q7 S (BPSU(3)5. (5.76) 


The E> page is shown in Figure 45. 


S ux 


Figure 45: OP" (BPSU(3)) 


Ext’ (H* (MSpin, Z3) ® H*(BPSU(3), Z3), Z3) > (ET (BPSU(3))$. (5.77) 


Since H* ( MSpin, Z3) = H* (MSO, Z3), the Ez page is shown in Figure 46. 
Theorem 67. 
The bordism invariants of OS” (BPSU(3)) are Arf and 22. 


The bordism invariants of a8?" (BPSU(3)) are Ze and c2. 
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Figure 46: Q?P" (BPSU(3) js 


Q?P" (BPSU(3)) 
Z 
Za 
Z5 x Z3 
0 


CO On VG Gä kä Ojo. 


By Wu formula (2.52), c3 = Ben = (wa(T M) + wi(TM))co =0 mod 2 on Spin 6-manifolds. 


The bordism invariant of OP (BPSU(3)) is $. 


TP;(Spin x PSU(3)) 
0 
Z5 
Za X Z3 
7? 
0 
Z 


obPWNF OS. 


Theorem 68. 


The 2d topological terms are Arf and zo. 


The 3d topological terms are Log and cs o o» 


The 5d topological term is los 300». 
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5.5.9 On" (BPSU(3)) 


Ext, (H*(MPin^, Z3) e H*(BPSU(3), Z3), Z3) > OP (BPSU(3))5. (5.78) 


i—s 


Since H*(MPin”,Z3) = H*(MO,Zs) = 0, OP" (BPSU(3))5 = 0. 


Ext! (H*(MPin-, Z2) @ H*(BPSU(3), Z2), Z2) > OP" (BPSU(3)). (5.79) 
For t—s <8, 
Ext 4 (H*7 (MTO(1), Z2) € H*(BPSU(3), Z2), Z2) => 0%, (BPSU(3))$. (5.80) 


The A2(1)-module structure of H*~!(MTO(1), Z2) & H'(BPSU(3),Z>) and the E» page are 
shown in Figure 47, 48. 


Figure 47: The A2(1)-module structure of H* ! (MTO(1), Z2) & H*(BPSU(3), Z3) 
Theorem 69. 


The bordism invariant of On" (BPSU(3)) is 101%. 
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Figure 48: QP™* (BPSU(3))2 


QP" (BPSUGD) 
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The bordism invariant of REN (BPSU(3)) is un Arf. 


The bordism invariants of ona" (BPSU(3)) are cal mod 2) and 7. 


TP, (Pint x PSU(3)) 
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Theorem 70. 


The 2d topological term is w17). 
The 3d topological term is w Arf. 


The 4d topological terms are c2( mod 2) and 7. 
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5.5.10 OP (BPSU(3)) 


Ext, (H*(MPin*,Z3) & H*(BPSU(3), Z3), Z4) > OCH (BPSU(3))5. (5.81) 


i—s 


Since H*(MPin*,Z3) = H*(MO, Z3) = 0, OË, (BPSU(3))5 = 0. 


i—s 
Ext, (H* (MPin*, Z5) ® H'(BPSU(3), Z2), Z2) > NF (BPSU(3))2. (5.82) 
For t—s <8, 
Ext, oy (H** (MO(1), Z2) & H*(BPSU(3), Z2), Z2) > OF, (BPSU(3))9. (5.83) 


The A2(1)-module structure of H**1 (MO(1), Z2)®H*(BPSU(3), Z2) and the E» page are shown 
in Figure 49, 50. 


cal mod 2) 


U 
c2( mod 2)U 
U 


Figure 49: The A2(1)-module structure of H**1(MO(1), Z2) & H*(BPSU(3), Z2) 
Theorem 71. 


The bordism invariant of OU (BPSU(3)) is ABK. 
The bordism invariant of Ol" (BPSU(3)) is co( mod 2). 
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Figure 50: QP?” (BPSU(3))5 
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Theorem 72. 


The 2d topological term is ABK. 


The 4d topological term is co( mod 2). 
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5.6 (BG, BG) : (BZ2, B?Z;), (BZ3, B?Z3) 


5.6.1. Q9 (BZ» x B?Z3) 


Since the computation involves no odd torsion, we can use the Adams spectral sequence 


Ez" = Ext, (H' (MO ^ (BZ2 x B?Z2)+, Z2), Z2) 
=> m 4(MO ^ (BZ» x B?Z3),)5 =P (BZ x B?Z;). (5.84) 


H*(MO, Z3) & H*(BZ2 x B?Z2, Z2) = A» Q Zalye, ya, Ys, Vo: Ys) --.]' Q Zola, 22, £3, 25, Lg, . ..] 
= Ap B ZA B AE Aa 432450 8354501239450... (5.85) 


QP(BZ; x B?73) 
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Theorem 73. 


The bordism invariants of 09 (BZ, x B?Z2) are a”, xo, w?. 
The bordism invariants of Q9 (BZ, x B?Z2) are 23 = 0,22, aT2, awit, a?. 
The bordism invariants of Q9 (BZ x B?Z2) are wi, w2, at, ona, axz, 22, wea", wire. 


The bordism invariants of 02 (BZ5 x B?Z)) are 


5,2 3 3,2 2 4 2 2 2 
a ,G 3,04 12,0 W],04L), AW, AL2W], AWa, L23, W1 13, T5, W2W3. 


TP;(O x Zo x BZ) 
Zə 
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Theorem 74. 


The 2d topological terms are a?, x2, wi. 


The 3d topological terms are 23 = w122, 412, aw?, a’. 
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The 4d topological terms are wi, w2, a^, ga, 423, 13, w?a?, w213. 


The 5d topological terms are 


5,2 3 3,2 2 4 2 2 2 
G ,G 3,04 12,4 WI, AX, AW, ATQW], AWa, 223, W1 13, T5, W2W3. 


5.6.2 059 (BZ» x B?Z3) 


Since the computation involves no odd torsion, we can use the Adams spectral sequence 


Ez" = Ext (H' (MSO A (BZ. x B?°Z2)+, Z2), Z2) 
— mi L,(MSO A (BZ x B?Z3),)2 = 079, (BZo x B?Z;). (5.86) 


S 


There is a differential d: corresponding to the Bockstein homomorphism (2,4) : H*(—,Z4) > 
H**1(—,Z3) associated to 0 > Zə > Zg > Z4 > 0 [57]. See 2.5 for the definition of Bockstein 
homomorphisms. 


By (5.32), there is a differential such that do(zoza + 25) = z2hg. 


The E> page is shown in Figure 51. 


$ x 


Figure 51: Q29 (BZ» x B?Z3) 
Theorem 75. 


The bordism invariant of 059 (BZ» x B?Z3) is z3. 
The bordism invariants of 08° (BZa x B?Z5) are az», a?. 


The bordism invariants of 029 (BZ x B?Z5) are c, arz(= a?x2) and P2(z2). 
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03° (BZ x B?Z3) 


or Dä H kä Ole. 
N 
Wi 


The bordism invariants of 08° (BZa x B?Z3) are ax2, a?, 15, Ota, wawa, awe. 
TP;(SO x Za x BZ3) 


oP WNH Cle. 
N 
Wi 


Theorem 76. 


The 2d topological term is x2. 
'The 3d topological terms are ics NS ax, a>. 


The 4d topological terms are az3(— gaz) and P2(2). 


The 5d topological terms are az2, a?, 25, 4429, w2W3, aw. 


5.6.3. OSP(BZ, x B275) 


Since the computation involves no odd torsion, we can use the Adams spectral sequence 


EJ? = Ext (H*(MSpin ^ (BZz x B?Z2)4, Z2), Z2) 


= m. (MSpin ^ (BZ, x B?Z75),)5 = OP (BZ) x B?7;). (5.87) 

Fortí—5s«8, 
Ext ^t 1 (H'(BZ» x B’Z2,Z2),Z2) > QP3(BZo x B?z;). (5.88) 
H*(BZ2 x B?Z2,Z2) = Zola, £2, 13,15, 19,...] where Sqlx3 = za, Sqlra = z2, Sq'x3 = 0, 


Sq?z4 = zs, Bols = Sq?z2 = 35, Sq?zs = 0. 


There is a differential d: corresponding to the Bockstein homomorphism (2,4) : H*(—, Z4) > 
H**!(—,Z3) associated to 0 > Zə > Zg > Z4 > 0 [57]. See 2.5 for the definition of Bockstein 
homomorphisms. 


By (5.32), there is a differential such that d2(1213 + 25) = 23h¿. 
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The A2(1)-module structure of H*(BZ) x B?Z2, Z3) and the E» page are shown in Figure 52, 
93. 


7213 
T2 
a 
e e 
1 1 
aro 
ax3 
axa 
T2 
a 
e 
1 


Figure 52: The A2(1)-module structure of H*(BZ2 x B?Z5, Z3) 
Q?P (BZ, x B?Z2) 


ok WN HE Ole. 
RI 
Nw 


Theorem 77. 


The bordism invariants of OS (BZ) x B?Z)) are £2, Arf, añ. 
The bordism invariants of OS? (BZ, x B?Z5) are oo, aABK. 


2 Po2(x2) 
E I 


The bordism invariants of o8P" (BZ) x B?Z5) are 15, ax3(= a?12) and 
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Figure 53: QPPi (BZ, x B?Z3) 


'The bordism invariant of QPP (B7, x B?Z5) is a?z». 


Theorem 78. 


TP;(Spin x Za x BZ3) 
0 
75 
7 
Z x Za x Zg 
75 
Zo 


orWNFr Ole. 


The 2d topological terms are 22, Arf, añ. 


The 3d topological terms are E ax2,aABK. 


The 4d topological terms are ax3(= a 


48 


x2) and pm 


2 


3 


The 5d topological term is a?zr». 


5.6.4 QE" (BZ, x B?Z2) 


Since the computation involves no odd torsion, we can use the Adams spectral sequence 


Es" = Ext, (H'(MPin” A (BZ, x B?Z))+,Z2),Z2) 
=> am (MPin^ A (BZ x B?Z5),)5 = 02 (BZ, x B?25). 


MPin” = MTPin* ~ MSpin ^ S! A MTO(1). 


113 


(5.89) 


For t—s < 8, 


Ext y (HT (MTO(1), Zə) & H*(BZs x B?Z2,Z2), Z2) > QU (BZ, x B?Z). (5.90) 


The A2(1)-module structure of H* I («MTO(1), Z2) & H*(BZ» x B?Z5, Z2) and the E» page are 
shown in Figure 54, 55. 


8 Bb) oi: 
axs 
GXo 
X2 
a 
. 
U 1 
wiaU aU w?r3Ur213U wiar2U w1aza3ld?y4U 
r2 w¡ax2U Qxa3U 
aSU w,129U oral 
w1aU £U 
aU 


U 


Figure 54: The A2(1)-module structure of H*~!(MTO(1), Z2) & H* (BZ2 x B?Z2, Z2) 


(On (BZ, x B?75) 
Z2 


Z2 x Z4 X Zg X 16 
7 


om NAO. 
RI 
Nw 


Theorem 79. 
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Figure 55: QP" (BZ, x B?Z2) 


The bordism invariants of SES (BZ2 x B?Z2) are wia = a”, £2, W19. 


The bordism invariants of oO. (BZ2 x B?73) are ol, w425 = 23, 429,147, wj Arf. 
The bordism invariants of QE" (BZ; x B2Z5) are az3, wjaxa(— 0x2 + avs), qs (12), wj a( ABK), n. 


The bordism invariants of pras (BZ» x B?Z2) are 


wia, a(= wía?), wixs(= 25), 1213, wíaxo(= ar? + a*x3), w1aaxa(— a*x3), a’ xo. 


TP;(Pin* x Za x BZ) 
LZ 


2 X £4 X £g X £16 


oe Go Hä ta Ole. 
RI 
Nw 


Theorem 80. 


The 2d topological terms are w ia = aĉ, £2, w1. 


3 112 = 13,029, wa), wj Arf. 


The 3d topological terms are a 
The 4d topological terms are ax3,w,ax2(= a?x + az3), qs (13), wya( ABK), n. 


The 5d topological terms are 


wia, a(= wía?), wix3(= T5), T2T3, wíaxo(= ar? + a*x3), w1aaxa(— a*x3), a° xo. 
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5.6.5 QE™ (BZ x B?Z)) 


Since the computation involves no odd torsion, we can use the Adams spectral sequence 


Ej" = Ext, (H' (MPin* ^ (BZ2 x B?Z2)+,Z2),Z2) 
— m, ,(MPin* A (BZ x B?75),)? = OP™ (Bz; x B?z;). (5.91) 


MPin* = MTPin~ ~ MSpin ^ S! ^ MO(1). 


For t—s < 8, 


Ext) (H** (MO(1), Z2) & H*(BZ» x B?Z2, Z2), Z2) > 07%, (BZ x B^Z5). (5.92) 


The .A»(1)-module structure of H**!(MO(1), Z2) & H*(BZ» x B?Z5,Z3) and the E» page are 
shown in Figure 56, 57. 


Gi 123 ax 
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aT? 
T2 
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w?r3U wyaxgU ax3U 
aU wal za! ax3U 
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Figure 56: The A2(1)-module structure of H** (MO(1), Z2) & H*(BZ2 x B?Z2,Z2) 


116 


Figure 57: QP” (BZs x B?Z3) 


(On (BZ, x B?Z) 


or Ga Mä kä Ooj> 
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Theorem 81. 


The bordism invariants of Ob" (BZ3 x B?Z2) are z5,q(a), ABK. (q(a) is explained in the 
footnotes of Table 1.) 


'The bordism invariants of QUE (BZ» x B?Z3) are a?, wía, T3 = W]12, 4:22. 
The bordism invariants of 0?" (BZ2 x B?Z2) are w?x2, w,ax2(= a?x3 + ax3), ava. 


The bordism invariants of ODE (BZ2 x B?Z5) are wía?, x13, Weare, w1aza(— a?x3), a?12. 


TP;(Pin* x Za X BZ) 
Z2 


oP Ne äiss 
N 
N 
x 
N 
iN 
x 
N 
00 


Theorem 82. 
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The 2d topological terms are x2,q(a), ABK. 
The 3d topological terms are a?, wa, 13 = 172, 022. 
The 4d topological terms are wiz3, wiar2(= a?z2 + az3), ava. 


3 


The 5d topological terms are wia , 0223, wiare, w1az3(— Oral, oa, 


5.6.6 09(BZ3 x B?Z3) 


Ext, (H*(MO ^ (BZ3 x B?Z3)4,, Z3), Z2) > Q9 ,(BZa x B?73)5. (5.93) 
s.t * 2 O 2 A 
Ext y, (H (MO ^ (BZ; x B“Z3)4, Z3), Z3) > Ot? ¿(BZ3 x B Z3)3. (5.94) 


Since H*(MO, Z3) = 0, we have 09 (BZs x B?Z3)% = 0. 


Since H*(BZ3 x B?Z3, Z3) = Z2, we have 09 (BZ; x B?73)5 = 09. 


Hence Q9 (BZs x B?Z3) = 09. 


QD (BZ3 x B?73) 
Z2 


or € NR Oje. 
N 
N 


Theorem 83. 


The bordism invariant of Q9 (BZs x B?Z3) is w?. 
The bordism invariants of Q9 (BZ x B?Z3) are w4, w2. 


'The bordism invariant of 09 (BZ3 x B?Z3) is wows. 


TP;(O x Z3 x BZ3) 
Z2 


CU um OS 
RI 
N 


Theorem 84. 
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The 2d topological term is w?. 


The 4d topological terms are wg, w2. 


The 5d topological term is wa2w3. 


5.6.7. Q59 (BZs x B?Z3) 


Ext, (H*(MSO ^ (BZs x B?Z3),, Z2), Z2) > 059, (BZ; x B?73)5. (5.95) 


Since H* (BZ3 x B?Z3, Z3) = Z2, we have 089 (BZ; x B?Z3)? = 039. 


Ext, (H*(MSO ^ (BZ3 x B?°Z3)+, Z3), Z3) > O?9,(BZs x B?73)5. (5.96) 
H*(BZ3 x B?Z3,Z3) = Za[b', 35, 25, ...] 9 Az; (a 25,5, ...) (5.97) 


Daag = V, Daag = 1%, Bay = 21515. 
The E> page is shown in Figure 58. 


S: A 


Figure 58: 08°(BZ3 x B?Z3)4 


Hence we have the following 


Theorem 85. 


The bordism invariant of 059 (BZ; x B?Z3) is 22. 
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03° (BZ3 x B?Z3) 


CO VG Ga Mä kä O. 
N 
Cu 


The bordism invariants of 059 (BZ; x B?Z3) are a’b’, a'z5. 
The bordism invariants of 029 (BZ; x B?Z3) are c, a'z4(— Rail and 2%. 
The bordism invariants of 089 (BZ; x B?Z3) are waws, a/U'a5, a/22, $83 (D). 


Here $3 is the Postnikov square. 


TP;(SO x Z3 x BZ3) 


CU VG Ga NR Ojo. 
N 
Cu 


Theorem 86. 


The 2d topological term is 2). 
The 3d topological terms are Los, ab a wb. 


The 4d topological terms are a'z5(— Nah) and 2%. 


The 5d topological terms are w2w3, ol Hai, ol x2, Ga). 


5.6.8 OP (BZz x B?Z3) 


Ext. (H* (MSpin ^ (BZ3 x B?Z3)4, Z2), Z2) > OPP (BZ3 x B?z3). (5.98) 


Since H*(BZ3 x B?Z3, Z2) = Z2, we have QSP (BZ; x B?Z3) = o 


Ext! (H* (MSpin ^ (BZ3 x B?Z3)+,Z3),Z3) > OPP" (BZ x B?Z3). (5.99) 


S 
3 S 


Since 
H*(MSpin, Z3) = H*(MSO, Z3), 


we have the following 
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o8P™(BZ3 x B2Z3) 


oe WN eH Els, 
RI 
N 
x 
N 
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Theorem 87. 


The bordism invariants of o8P"(BZ3 x B?Z3) are Arf and 2). 
The bordism invariants of QS (B7; x B?Z3) are oh, oli, 
The bordism invariants of O?P" (BZ4 x B?Z3) are Z, a a (— Rack) and 2%. 


The bordism invariants of N8°"(BZ3 x B?Z3) are a'b'xh, a' a2, B3(0'). 


TP;(Spin x Z3 x BZ3) 
0 
Za x Z3 
Za x Z3 
Z x Z3 
z? 
Z2 x Zo 


oR WN Fr Ojo. 


Theorem 88. 


The 2d topological terms are Arf and zi, 
The 3d topological terms are Lose, av, a' xh. 
The 4d topological terms are a'/z^,(— 025) and z2. 


The 5d topological terms are a'b' xh, a' x2, a(b’). 


5.6.9 On" (BZ; x B?Z3) 


Ext, (H* (MPin7 ^ (BZ3 x B?Z5)4, Z2), Z2) > Ue (BZ3 x B?Z3)). (5.100) 
Ext, (H*(MPin* ^ (BZs x B?Z3),, Z3), Z3) > OF" (BZ3 x B^73)5. (5.101) 


Since H*(MPin”,Z3) = 0, we have avin" (BZ; x B?Z3)$ e. 
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Since H*(B 3X BS 3; 2) = £9, we have opiat (BZ3 x RE: = Qe 


Hence On" (BZ3 x B2Z3) = QP", 
(On (BZ3 x B?Z3) 
Z2 


oR WN eH Ole. 
RI 
N 


Theorem 89. 


The bordism invariant of QP" (BZ3 x B?Z3) is wii. 


The bordism invariant of On (BZ3 x B?Z3) is wi Arf. 


The bordism invariant of OP" (BZ; x B?Z3) is y. 
TP;(Pin* x Z3 x BZ3) 
Z2 


aeann o e 
N 
N 


Theorem 90. 


The 2d topological term is w,7. 
The 3d topological term is w Arf. 


The 4d topological term is 7. 


5.6.10 (in (BZ; x B?Z3) 


Ext', (H*(MPin ^ (BZ; x B?73),, Z2), Z2) > AP™ (BZ; x B?Z73)5. 


Ext? (H' (MPin* A (Bän x B?Z3),, Z3), Z3) > OF (BZ; x B?73)5. 


E] 
3 


Since H*(MPin*, Z3) = 0, we have OP" (BZ x B?Z3)4 = 0. 


Since H*(B 3X p? 35 2) = £9, we have Qu (BZ3 x B?73)5 = OE. 


Hence NE (BZ3 x B?73) = OE. 
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(5.102) 


(5.103) 


i OP (BZs x B?Z3) 
0 Z5 
1 Z5 
2 Zs 
3 0 
4 0 
5 0 


Theorem 91. 


The bordism invariant of OP" (BZ3 x B?Z3) is ABK. 


1 TP Pim” x Z3x BZ3) 
0 Za 
1 Za 
2 Zg 
3 0 
4 0 
5 0 


Theorem 92. 


The 2d topological term is ABK. 


5.7. (BG,, B?G;) : (BPSU(2), B2Z,), (BPSU(3), B?Z,) 


5.7.1. Q9 (BPSU(2) x B?Z3) 


Ext, (H*(MO, Z2) & H* (BPSU(2) x B?Z5, Z2), Z2) > QP ,(BPSU(2) x B?z;). 


H*(BPSU(2), Z2) = Za[w5, w5], 
H* (B?Z5, Z5) = Zz[2, 13, 5, 29, . ..], 
H* (MO, Z2) = A2 9 Zalya, Y4, Y5, Vos V8; ---] - 


H* (MO, Z3) & H*(BPSU(2), Z3) e H*(B?Z5, Z5) 
= 420 3X?45 6 203 Ay D TX A 6 839A» EEN 


Theorem 93. 
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(5.104) 


(5.105) 


(5.106) 


(5.107) 


(5.108) 


QP(BPSU(2) x B?Z3) 
LZ 


ap SS 
RI 
Nu 


The bordism invariants of Q9 (BPSU(2) x B?Z5) are wh, 12, w2. 
The bordism invariants of NS (BPSU(2) x B?Z2) are 13 = 0,73, ws = ww). 
The bordism invariants of Q9(BPSU(2) x B?Z5) are wi, w2, x2, w2, row?, whw?, mur, 


The bordism invariants of Q9 (BPSU(2) x B?Z2) are whw, 22%, wi ws, w5z3, T283, w23, 15, W2W3. 


TP,(O x PSU(2) x BZ») 
Za 


ok WN HE Ole. 
RI 
Nu 


Theorem 94. 


The 2d topological terms are w5, £2, w?. 
The 3d topological terms are z3 = w1x2, w^ = w1w5. 
12 


The 4d topological terms are Wi, w2, 23, w2, om, WIW? , w5r3. 


The 5d topological terms are 030%, 134%, W W, wa, 1973, WÍU3, T5, W2W3. 


5.7.2. QS? (BPSU(2) x B?Z3) 


Eat? (H*(MSO, Z2) € H*(BPSU(2) x B?Z2,Z2),Z2) > 070, (BPSU(2) x B?Z5). — (5.109) 


There is a differential d2 corresponding to the Bockstein homomorphism Oz : H*(—, Z4) > 
H**!(—,Z3) associated to 0 > Za > Zg > Za > 0 [57]. See 2.5 for the definition of Bockstein 
homomorphisms. 


By (5.32), there is a differential such that d2(1213 + 25) = z2hg. 


The E> page is shown in Figure 59. 
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Figure 59: O7(BPSU(2) x B?Z3) 


O (BPSU(2) x B?Z2) 


1 
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Theorem 95. 


The bordism invariants of 059 (BPSU(2) x B?Z2) are w5, £2. 
The bordism invariants of Q9 (BPSU(2) x B?Z3) are c, p4, w5z» and Pa(x2). 


The bordism invariants of QSO (BPSU(2) x B?Z3) are whwh, 25, w,1792(= w5z3), wawa. 
TP,(SO x PSU(2) x BZ») 


or WN FEF Cla, 
N 
NN 


Theorem 96. 


The 2d topological terms are mi, 22. 


The 3d topological terms are tos), Seel 
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The 4d topological terms are w5x» and P2(x2). 


The 5d topological terms are ww, x5, w312(= 0,13), 243. 


5.7.3. OSP(BPSU(2) x B?Z2) 


For t—s <8, 


Ext, 1) (H'(BPSU(2) x B?75, Z2), Z2) > NEP (BPSU(2) x B?Z,). (5.110) 


There is a differential dz corresponding to the Bockstein homomorphism Oz : H*(—, Z4) ^ 
H**1(—, Z5) associated to 0 > Za > Zg > Z4 > 0 [57]. See 2.5 for the definition of Bockstein 
homomorphisms. 


By (5.32), there is a differential such that do(rov3 + 25) = v2hg. 


The A2(1)-module structure of H*(BPSU(2) x B?Z5, Z3) and the E» page is shown in Figure 
60, 61. 


OS™ (BPSU(2) x B2Z2) 
Z 
Z5 
Z3 
0 
Z? x 273 
Z2 


orRWNrF Cle. 


Theorem 97. 


The bordism invariants of OS” (BPSU(2) x B?Z2) are wh, 12, Arf. 
The bordism invariants of a8?" (BPSU(2) x B?Z5) are $5, an wz and PAM 


The bordism invariant of OPP"(BPSU(2) x B?Z3) is wy12(= w5za). 
TP; (Spin x PSU(2) x BZ») 


orPWNF Oj. 
N 
Nu 


Theorem 98. 


The 2d topological terms are w5, £2, Arf. 
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T213 


w T2 
H H 
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2213 W3X2 
WT 

w, 72 
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Figure 60: The A9(1)-module structure of H*(BPSU(2) x B?Z5, Z2) 


'The 3d topological terms are tos, LogS), 


The 4d topological terms are w5x» and Paga) 


The 5d topological term is w3x2(= w523). 


5.7.4 OF (BPSU(2) x B?Z5) 


Fortí—s«8, 
Ext% q) (H*-! (MTO(), Z2) ® H*(BPSU(2) x B?Zs, Z3), Z2) 
= Pin’ (BPSU(2) x B?7;). (5.111) 


The A2(1)-module structure of H*~1(MTO(1), Z2) & H*(BPSU(2) x B?Z2, Z3) and the E» page 
are shown in Figure 62, 63. 
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Figure 61: 02?'"(BPSU(2) x B?Z3) 


(On (BPSU(2) x B?Z3) 
Z5 
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Theorem 99. 


The bodism invariants of OF" (BPSU(2) x B?Z5) are wh, 15, wip. 


The bodism invariants of OF" (BPSU(2) x B?Z3) are wiws = wh, 112 = 23, wi Arf. 


The bodism invariants of QP" (BPSU(2) x B?Z3) are qs(w5), qs(12), N, 0,22. 


The bodism invariants of QPint (BPSU(2) x B?Z5) are 


ww, (= whws), wíx3(= 15), 1223, 313, 013129 (= wa + W572). 


TP;(Pin* x PSU(2) x BZ») 
Z5 
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RI 
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Theorem 100. 
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Figure 62: The A2(1)-module structure of H* 1 (MTO(1), Z3) & H*(BPSU(2) x B?Z2, Z3) 


The 2d topological terms are 102, £2, wif]. 
The 3d topological terms are wyw, = w4, 0112 = £3, Arf. 
The 4d topological terms are q«(w5), q«(x2), N, w522. 


'The 5d topological terms are 
ww) (= ww), wizz(= 25), 2913, 412, 1w,19(= Mira + ws»). 
5.7.5 On (BPSU(2) x B?Z3) 


Fort—s <8, 


Ext a) (H** (MO(1), Z3) ® H*(BPSU(2) x B?Z2,Z2),Z2) OCH, (BPSU(2) x B?Z;). (5.112) 
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Figure 63: QPin* (BPSU(2) x B?Z2) 


The A2(1)-module structure of H**!(MO(1).Z2) $ H*(BPSU(2) x B?Z5, Z2) and the E» page 
are shown in Figure 64, 65. 
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Theorem 101. 


The bordism invariants of Ob" (BPSU(2) x B?Z2) are w), 12, ABK. 
The bordism invariants of OP" (BPSU(2) x B?Z3) are wiwh = w4, 172 = 73. 


The bordism invariants of OP" (BPSU(2) x B?Z2) are w2w5, wx», mur, 


'The bordism invariants of gim (BPSU(2) x B?Z2) are 2223, uerg, w1w»rz2(— whxr3 + ural, 
TP;(Pin- x PSU(2) x BZ») 
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Theorem 102. 
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Figure 64: The A2(1)-module structure of H*t'(MO(1), Z2) & H*(BPSU(2) x B?Z», Z5) 


The 2d topological terms are 102, £2, ABK. 
The 3d topological terms are ww, = w}, 112 = 23. 
The 4d topological terms are w2w5, w2z2, w519. 


The 5d topological terms are aa, 312, wiw5xo(— w5za + W522). 
5.7.6 O9 (BPSU(3) x B?Z3) 


Ext, (H' (MO ^ (BPSU(3) x B?Z3)+,Z3),Z3) > OP ¿(BPSU(3) x B?73)5. (5.113) 
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Figure 65: On (BPSU(2) x B?Z3) 


Since H*(MO, Z3) = 0, 29(BPSU(3) x B?Z3)4 = 0. 


Ext, (H*(MO ^ (BPSU(3) x B?Z3),, Z2), Z2) > QP ,(BPSU(3) x B?73)5. (5.114) 


Since H* (BPSU(3) x B?Z3, Z3) = H*(BPSU(3), Z2), O9(BPSU(3) x B?Z3)2 = Q9 (BPSU(3))5. 


QP(BPSU(3) x B?Z3) 
Z2 
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Theorem 103. 


The bordism invariant of Q9(BPSU(3) x B?Z3) is w?. 
The bordism invariants of Q9 (BPSU(3) x B?Z3) are wi, w2,co( mod 2). 


The bordism invariant of Q9 (BPSU(3) x B?Z3) is wows. 
Theorem 104. 


The 2d topological term is w?. 


The 4d topological terms are wł, w2,c2( mod 2). 


The 5d topological term is wea. 
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TP;(O x PSU(3) x BZ3) 
Z5 
0 
Z5 
0 
Z3 
Zo 


or WNF OS. 


5.7.7 QO °(BPSU(3) x B*Z3) 


Ext, (H* (MSO A (BPSU(3) x B?Z3)+,Z2),Z2) > 0F°,(BPSU(3) x B?Z3)2. (5.115) 


Since H* (BPSU(3) x B?Z3, Z3) = H*(BPSU(3), Z2), QSO (BPSU(3) x B?73)5 = OS (BPSU(3))2. 
Ext, (H* (MSO ^ (BPSU(3) x B?Z3)+,Z3),Z3) > 0F°,(BPSU(3) x B?Z3)2. (5.116) 


(3,3) = 23, B(3,3)22 = za, Daat = 2x53, Bis (1522) = £423 + 1320, (a3) (1523) = 1323 = 
— B(3,3) (1322). 


The E> page is shown in Figure 66. 


$ x 


Figure 66: Q8°(BPSU(3) x B?Z3)5 
'Theorem 105. 


The bordism invariants of 059 (BPSU(3) x B?Z3) are 2), 22. 
The bordism invariants of O29 (BPSU(3) x B?Z3) are O, c», 1% and 523. 
The bordism invariants of Q9 (BPSU(3) x B?Z3) are w2003, zax^,(— — 2325). 
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03° (BPSU(3) x B?Z3) 


ON 


3 
0 


Z? x Z3 
Z5 X Za 


ao um Go Ole. 
RI 
N 


TP;(SO x PSU(3) x BZ3) 


am WN to ojs 
RI 
wre 


Theorem 106. 


The 2d topological terms are x4, 22. 
The 3d topological terms are eet os "lt 
The 4d topological terms are z and 522. 


The 5d topological terms are ESA W2W3, 2205(= —2319). 


5.7.8 5?" (BPSU(3) x B?Z3) 


Ext, (H*(MSpin A (BPSU(3) x B?Z3)+,Z2),Z2) > NFP (BPSU(3) x B?Z3)2. (5.117) 


Since H'(BPSU(3) x B?Z3,Z2) =  H'(BPSU(3,Z;), QSP™(BPSU(3) x BZ = 
OP (BPSU(3))5. 
Ext (H*(MSpin ^ (BPSU(3) x B?Z3)+,Z3),Z3) > O?P"(BPSU(3) x B?Z3)). — (5.118) 


EJ 
3 


Since H*(MSO, Z3) = H*(MSpin, Z3), 08°"(BPSU(3) x B?Z3)4 = QSO (BPSU(3) x B?Z3)5. 
Theorem 107. 


The bordism invariants of 08?" (BPSU(3) x B?Z3) are Arf, £h, 22. 
The bordism invariants of OP" (BPSU(3) x B?Z3) are fp C2, 12 and 2525. 
The bordism invariant of a8?" (BPSU(3) x B?Z3) is 2210 (= —2324). 
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OSPI (BPSU(3) x B2Z3) 
Z 
Z2 
Z2 X Z? 
0 
Z? x Z? 
Z3 


oA WN HF Ols. 


TP, (Spin x PSU(3) x BZ3) 


or WN FF Ojos. 
N 
wo 
x 
N 
WIN 


Theorem 108. 


The 2d topological terms are Arf, £h, z2. 


The 3d topological terms are cae Cs 50) 
The 4d topological terms are 1% and 2522. 


The 5d topological terms are ee zu (= —2310). 


5.7.9 OP" (BPSU(3) x B?Z3) 


Ext, (H'(MPin^ ^ (BPSU(3) x B°Z3)+, Z3), Z3) > QPm^(BPSU(3)x B?Z3)). (5.119) 


Since H*(MPin”,Z3) = 0, On (BPSU(3) x B?Z3)2 = 0. 


Ext, (H*(MPin^ ^ (BPSU(3) x B?°Z3)+, Z2), Z2) > ain” (BPSU(3) x B?Z3)). (5.120) 


Since H'(BPSU(3) x B?Z3,Z2) =  H'(BPSU(3,Z;) On (BPSU(3) x B?Z3) = 
On! (BPSU(3))%. 
Theorem 109. 


The bordism invariant of 05" (BPSU(3) x B?Z3) is 017. 


The bordism invariant of QS" (BPSU(3) x B?Z3) is wi Arf. 
The bordism invariants of On" (BPSU(3) x B?Z3) are cat mod 2) and n. 
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(On (BPSU(3) x B?Z3) 
Z5 
0 
Z2 
Z5 
Z5 X Lig 
0 


or WN Fi Oj. 


TP;(Pin* x PSU(3) x BZ3) 
Za 
0 


or GO Mä rä Ole. 
N 
NN 


'Theorem 110. 


The 2d topological term is w,7. 
The 3d topological term is w1 Arf. 


The 4d topological terms are c2( mod 2) and 7. 


5.7.10 QE (BPSU(3) x B?Z3) 


Ext%. (H*(MPin* ^ (BPSU(3) x B?Z3)4,Z3),Z3) > OF" (BPSU(3) x B?Z3)$. — (5.121) 


EI 
3 i—s 


Since H*(MPin*, Z3) = 0, QE™ (BPSU(3) x B?73)5 = 0. 


Ext, (H*(MPin* ^ (BPSU(3) x B?Z3)4,Z2),Z2) > OF" (BPSU(3) x B?Z3)3. — (5.122) 


i—s 


Since H*(BPSU(3) x B?Z3,Z2) =  H'(BPSU(3,Z3) OE (BPSU(3) x B?Z3)f = 
DER (BPSUL3))>: 


(On (BPSU(3) x B?Z3) 
Z3 


ap OS 
N 
Ka 


Theorem 111. 
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The bordism invariant of On (BPSU(3) x B?Z3) is ABK. 


The bordism invariant of QP" (BPSU(3) x B?Z3) is est mod 2). 


TP;(Pin- x PSU(3) x BZ3) 
Za 


oP OS 
N 
Ka 


Theorem 112. 


The 2d topological term is ABK. 


The 4d topological term is c2( mod 2). 


6 More computation of O/SO bordism groups 


6.1 Summary 


Below we use the following notations, all cohomology class are pulled back to the d-manifold M 
along the maps given in the definition of cobordism groups: 

e w; is the Stiefel- Whitney class of the tangent bundle of M, 

e a is the generator of H!(BZ2, Za), 

e a’ is the generator of H!(BZ3, Z3), Y = Daag, 

e x2 is the generator of H?(B?Z5, Z3), 13 Bola, 25 = Bora, 

e x is the generator of H^(B?Zs, Z3), 15 = (3,315, 

e xy is the generator of H?(B?Z4, Z4), x% = Beath, 15 = Sale, 

e w. = w;(O(n)) € H'(BO(n), Z3) is the Stiefel-Whitney class of the principal O(n) bundle, 

e p, = pi(O(n)) € H'(BO(n), Za) is the first Pontryagin class of the principal O(n) bundle, 

e z2 = wo(PSU(3)) e H?(BPSU(3), Z3) is the generalized Stiefel-Whitney class of the principal 
PSU(3) bundle, 23 = D(a,3)22- 

e z} = w2(PSU(4)) € H?(BPSU(4), Z4) is the generalized Stiefel-Whitney class of the principal 
PSU(4) bundle, 23 = 6(2,4)25. 

e For n > 1, we also use the notation a for the generator of H!(BZon, Zon), à =a mod 2, b is the 
generator of H?(BZo», Zo»), b — b mod 2 and b = Da zeg, 

e For n > 1, we also use the notation a” for the generator of H'(BZ3n, Za«), & = a’ mod 3, Y is 
the generator of H?(BZ3n,Z3n), H = H mod 3 and Y = Da zeg, 

e P» is the Pontryagin square (see 1.5). 

e 83 is the Postnikov square (see 1.5). 

Convention: All product between cohomology classes are cup product. 
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6.2.1 QO(B^Z4) 


E BO(3) | BO(4) | BO(5) | B(Z2 x PSU(3)) | B(Zo x PSU(4)) 
Za: Za: Zo: : Za: 
290 " n " o we 
7i : 7i S 7i : 72. 7 : 
20 wi, wi, Wi, d 2 wi, a > 
w au, | w, wh, | ww d a 
T2 1-2 l2 2 
Table 13: 2d bordism groups-1. 
QRO | B?Z, | BZ4 x B?Z2 | BZe x B?Z3 | BZs x B?Z2 | BZis x B?Z3 
Za: : Z3: : Z3: 
280.7 e ; - 
Z3 Z3 
Z2: ES Z2: 2 7 gos 
2M wi, El urs o, wi, a? TID wi, a? 
Xo T2 
Table 14: 2d bordism groups-2. 
OF (—) BO(3) BO(4) BO(5) B(Z2 x PSU(3)) | B(Z2 x PSU(4)) 
72 S 72 , 72 , 
2: Dee 2: 
we, we, we, Zo: Z2: 
3 SO w w! Kë no”, e / EE: 3 3 07 
1» — W¡] Wa m 11» — a a ; 425 
w, ws ws 
Zi Zi Zi 72. Z3 
30 ww; WI, ww, Wi, ww, Wi, E au? a, aui, 
wiw wg | WWW | wiw, ws E 23, 025 
Table 15: 3d bordism groups-1. 
OF (—) B? 4 B AX B? 2 B 6 X B? 3 B &X B? 2 B 18 X B2Z3 
72 7 Z9 x 
x Zo: 
380 0 Z4x Z2: E e Z8 X Z2»: Z3 X Zo: 
ab, oz ge ab, àa» av, ax, 
a a8 
ZS 75: 
Zo: 2 ER 2 Z2: 
30 » àb, 13, x. 2 ab, T3; 3 2 
T3 Son Ran? a”, awi TO S a”, awi 
Oz, Ou Oz, MW 
Table 16: 3d bordism groups-2. 
Ext, (H*(MO, Z2) & H* (B?Z4, Z2), Z2) > QP ,(B?Z4) (6.1) 
H'(MO, Zə) = A» Q Zəly2, Ya, Y5, Y6 Ys, ---]" (6.2) 


DDN usi EDI EN 
where y5 = Uj, (y3)* = 03, yj = W], y5 = w2Ws, etc. 
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OF (-) BO(3) BO(4) BO(5) 
2 : 2 SE? 2 2 
Z e Za Z^ x Z5: Z^ x Z$ 
/ / 
4 SO O, P1, O, P1, O, P1, 
/ 
ww, wew, wh ww), wh 
SH SH 
Z5 : 3 o ae 2 
wt w2 Wi, Wa, Wi, Wa, 
i ww, ww! ww, ww! 
40 ww! ww! gg E Te I23 
129152 7 5 25 w! w! wi / I 4 I2 4 
ad 1W3, Wy W2, W1W3, Wy Wo, 
13; Wy Wa, wt. wi2 wt. auf? 
w^ wr 1» 925 1» 72? 
] 2» / / 
w4 Wi 


H 
DIEN B?7, Beez BZ6 x B?Z3 | BZg x B?Z2 | BZis x B?Z3 
x Z x 
Zi, x 2x2; Za x Zx72 
ZxZ $ ale 4 X L3 
4 SO 2 Z5: a Z al 
P Hi 2- m 2 O, b La, 
O, F2L Ta b 25, 12 
9, P2(x2), a? 9, P2(x2), T) 
br: 2 bag 
Z8. 25 R 
4. x Dn A... SS T 4. 
SC , Bes Z5: x3, x2, Z5: 
40 | wĵ, w5, b?, x2, wy, w, DESEOS wi, w3, 
DAM Im 2 4,2, 2 4,2 4 12. 2 
125,5 zo W2 a, a WI SE Q0 ,0 WI 
bwt,zowt buu?. au 
Table 18: 4d bordism groups-2. 
H 
0% (—) BO(3) BO(4) BO(5) 
Z1 s 
ZÊ : Zs A 7 9 
: : j 
2d 2 02103, WZW], 
123103 , WW), 213 , WaWw; , apap! ait an? 
Had Pes P2 UN 1 JA Kee p A E 
550 | wows, w wS, WWZ, WIWI, 2 - 
P! ul Zu! Wy W3 = 
Ig = 1%3 d 13,,,/ 15 
13,7 245 Bot 45 ww, W1, 
Wy Wa, Wy Wy Wa, Wy roof 
WW, = Ws 
713 : 
EE 22. 2 
2 102103 , WIW], 
W2W3, WJ W], W2W3, WIW], A, 252,3 
wtw! ww | 2 WW), WIWI , 
1501, WIW] ; 01104, 011001, 2 day od 
50 ww! w! ww ww! wi ww! WW Wo, 01173, 
IS 1925 LH äs DSIe2 132 Last 1, 12 
II 1,2 Ié gd a2 109105 , 401105 , 
W7WwW3z, WIWI, 1913, WIW, 12,7 1337 
DEED DIE Wy W3, Wy Wo, 
Wy W3, W] Wa, Wy W3, Wy Wa, Do tal 
15 Bro? Wy , W wz, 
wi Wy ,W1w4 7 
ws 
Table 19: 5d bordism groups-1. 
* 2 LH Hi H Hi 
H (B Z4, Z2) = Za, 13, 25, 29, ...] (6.3) 


4, Il 


LH / 
where Zi = z% mod 2, z% € H?(B?Z4,74), 25 = Dun, 25 = Sale, xy = Sq], etc. 
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Q7 (—) B?Z, BZ4 x B?Z» BZg x B?Za BZg x B?Z5 BZig x B?Z; 
3 3 2 3. 3 3 
Zi X Z3: ? : Z4 X Z$ x Z3: Z3 X Z3 X Loz 
aP2(x23), ab?, Z5 x Z5 x Zo: | (a oi, aw’, 
2N 5 2 2 Pu 
5 SO Zo a(c oi, aw, mod 4)P2(x2), ab^, | wawa, OI 
7 d A = IN x! d 8 = d3 
203, Ls, mod 4),5 = | w203,4'D'x) alo mod 8), 15 = | mod 3), 
1,12 / LL cb 
1213, a’ x's, B3(0') 1513, a Ur ATA, 
übz», maus abr2, wws P) 
12- 127. 
2 27 
oz brs, a2, brs, 
Drei 72 
74. 1923, ab i Z5 : 2213, ab : Za : 
21 > S 
50 on | t5; Gb», añ, a> wi, t5, bra, a”, aw, 
LUPUS WITI | wows, Gwe Se w2w3, Gn? 
all all 23,0», aw; , QU», 203, aw», QUA, Q0»; 
Ke Legd? LE ab 2 414 ab 2 
awi, abw], W2W3 QU, QUWI, 102103 
7307 = rzw? = 
3 oz 2 Bro oz 2 
w122, QX2101 122, WESSEN 


H* (MO, Z3) & H*(B?Z4,Z3) 


Hence we have the following theorem 


Theorem 113. 


The 2d bordism invariants are wi, 25. 


Table 20: 5d bordism groups-2. 


The 3d bordism invariant is 2%. 


The 4d bordism invariants are wi, w2, 


Az O Laly, Ya, Y5, Y6 Y8, - - 
A» ® 25:2 As 6 x3 As p As E p AB Ay D- 


2511 5112 


wiT2, Lo”. 


Ho mul 


The 5d bordism invariants are w2us, wiat, qot. 


6.2.2 


QSO (B?Z14) 


Ext, (H* (MSO, Z2) € H* (B?Z4, Z2), Z2) > NO, (B?Z4) 
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* LH Wi H Wi 
sl Q Zo[To, 13, 15, Lg, v 8 


.] (6.4) 


H* (MSO, Z2) = Az/A2Sq' ie) N*42/A28Sq' Ch XP As SE (6.6) 


2 that SH = 282,472 = 0, Pea (72) = 00 = 7$ Pao (92) = 21,13 = SR = 0, 
Sq" (#3?) = 282,4 (19?) = 0, Sq!z = 0, Sq’ (#323) = 0, Bal = Sq'Sq'8(24)25 = Sa Bro 25 = 
Bo 4x4)? = 212. We have used the properties of Bockstein homomorphisms, (2.50) and the Adem 

(2,4)%2 i 
relations (2.67). 

Also note that 
1 
bes Polxo) = SET mod 2 
1 
= go (2 U z5 + 25 U Ari 
1 
= g (92 U z5 + x5 U 6x5 +0(2) U $x3)) 
1 
= g (222 U óz5 + 6x5 U 625) 
1 
i 1 Ui 1 H 1 Ui 
= mU (1922) F 2( 1023) y (1922) 
= 298,402 + 20(2,4)5 y Doum 


m 15 B2 AE T 289 Bi, 425 
= Säz +22 


= gud (6.7) 
We have used Bos) = 30 mod 2, the Steenrod's formula (2.12), bea) = 10 mod 2, and the 


definition Sq*x,, = £n U Leys 


There is a differential dj, corresponding to the Bockstein homomorphism Da 5»; : H*(—, Zan) > 
H**1(—, Z3) associated to 0 — Z2 > Zon+1 — Zon — 0 [57]. See 2.5 for the definition of Bockstein 
homomorphisms. 


So there are differentials such that do(z4) = 24h2, da(3 523) = $^ he. 


The E> page is shown in Figure 67. 


Hence we have the following theorem 


CO VG Ga NR Ojo. 
N 
A 


Theorem 114. 
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Co 


Figure 67: Q29 (B?Z4) 


The 2d bordism invariant is x}. 
The 4d bordism invariants are c, P2(x4). 


The 5d bordism invariants are 102403, 2%. 


6.3 BO(3) 


6.3.1 Q9(BO(3)) 


Ext, (H*(MO, Z2) & H*(BO(3), Z2), Z2) > N ,(BO(3)) 


H*(MO, Z5) = A» E Zo[Ya, Y4, Y5, yo; Y8,- al? 


É 44 ëng nid A ue 
where y3 = wj, (DI = wj, yj = wj, Y5 = ws, etc. 


EN (BO(3), Zə) = Zj[wj, wh, ws] 


H*( MO, Z2) ® H*(BO(3), Z2) 
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A» e) Zəly2, Y4, Y5, Y6, Y8;-- alr E Z2[w), Wo, w3] 
A20 Y 4203420454208 '420 11542 D- 


(6.8) 


(6.9) 


(6.10) 


(6.11) 


Hence we have the following theorem 


Theorem 115. 


The 2d bordism invariants are w?, wf, wi. 


The 3d bordism invariant are 0/7, wp, w wh, w}. 
The 4d bordism invariants are wi, w3, w2w2, w2w5, wi wh, ww), WE, WE. 


The 5d bordism invariants are wow 3, w2w! , wiwi, w wB, ww wb, wiws, ww, WWE, ww, ww), wÈ. 


6.3.2 O5°(BO(3)) 


Ext, (H* (MSO, Z2) € H*(BO(3), Z2), Z2) > NF9,(BO(3)) (6.12) 
H* (MSO, Z2) = A2/A28Sq! ER 315 Aal oD? A. -+ (6.13) 
H"(BO(3), Z3) = Za2[w;, w3, ws] (6.14) 


where Sq'w = wi wh + 0%, Sq ws = ww. 
The E> page is shown in Figure 68. 


Hence we have the following theorem 


oP Qo H ta ojs 
RI 
N 


Theorem 116. 
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Figure 68: 029 (BO(3)) 
The 2d bordism invariant is w5. 
The 3d bordism invariants are w8, wi wh = w. 


The 4d bordism invariants are c, p, , wP wh. 


12 12,1 


I3, 15 


The 5d bordism invariants are wow 3, 3) , whws, WWE, wew = ww, wP. 


6.4 BO(4) 


6.4.1 Q9(BO(4)) 


Ext, (H* (MO, Z2) ® H*(BO(4), Z2), Z2) > NP. ,(BO(4)) 


H*(MO, Z2) = A» e) Z»|ya. Y4, Y5, Y6, U8; -- 


2,2 (qw _,2 EET 
where y5 = wf, (y5)' = wa, Yi = wj, YE = Wows, etc. 


B (BO(4), Z2) = Zo[wi, Wy, w3, wi] 


H'(MO, Z3) E H*(BO(4), 73) A» E Z2 Hä Ya, U5; Y6) U8» - - 
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Js 


. |" E Z»|wi, Wo, w3, wi] 
A» @ XA» D 3245 @ 4X?245 @ 9x44» D 123245 O- -- 


(6.15) 


(6.16) 


(6.17) 


(6.18) 


Hence we have the following theorem 


Theorem 117. 


The 2d bordism invariants are w?, wê, wh. 
The 3d bordism invariant are ww, wf, w wh, w5. 
The 4d bordism invariants are wi, w2, ww, w2w5, wiw, ww, wi), a, wh. 


The 5d bordism invariants are 


Qu. P De E O DR sua AID AD Pc NOD og AD ub f 
W2W3, U3W] , WWJ WWI , 010,109, WI W3, 21703, WIW , W] W3, W] Wo, Wy WWA: 


6.4.2 5°(BO(4)) 


Ext, (H*(MSO, Z2) & H*(BO(4), Z2), Z2) > NF9,(BO(4)) (6.19) 
H* (MSO, Z2) = BIREN D E4 Ag /ASq! p IŠA o... (6.20) 
H*(BO(4), Z2) = Za, w3, w3, w4] (6.21) 


where Sal uk = wi wh + wh, Sal uk = wiw}, Sala = wi wh. 
The E> page is shown in Figure 69. 


Hence we have the following theorem 


Theorem 118. 


The 2d bordism invariant is w5. 


The 3d bordism invariants are w8, wi wh = w. 


The 4d bordism invariants are c, p4, wi?wh, w4. 


The 5d bordism invariants are 10243, w2w! , kuk, WWE, ww, = wpw), wP. 
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Figure 69: 029 (BO(4)) 
BO) 
0 Z 
1 Zo 
2 Za 
3 Ta 
4 PXB 
5 Z$ 
6.5 BO(5) 
6.5.1 29(BO(5)) 
Ext, (H*(MO, Z2) & H*(BO(5), Z2), Z2) > OP ,(BO(5)) (6.22) 
H*(MO, Z3) = A» Q Zalya, Ya, Y5, Vos Y8, --.]" (6.23) 


JT 2x 2,2 NM UE O NE 
where y5 = wi, (y5)' = wa, Yi = wj, Ys = waw3, etc. 


H*(BO(5), Z2) = Za[w), wo, 03, Wy, Ws] (6.24) 


A» e) Zo [ya, Ya, U5; Y6) Y8) - -- |" E Zo[w,, Wo, w3, Wh, 1051(6.25) 
A20 ZA P 32 4204542095420 13042 D- 


H* (MO, Z2) & H*(BO(5), Z3) 
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Hence we have the following theorem 


Theorem 119. 


The 2d bordism invariants are w?, wê, wh. 
The 3d bordism invariant are ww, wf, w wh, w5. 
The 4d bordism invariants are wi, w2, wZw2, w2w5, wiw, ww, wi, a, wh. 


The 5d bordism invariants are 


2. UE dO 3o 4. 4 123 d d.d 4:42 42. 1 E E ND WEE ud 
10213, 105101 , 1101, 0111 , 071101105, 101073, 109103, (0119 , W1 W3, Wy Wa, W1 , 01104, W5. 


6.5.2 Q59(BO(5)) 


Ext, (H*(MSO, Z2) € H*(BO(5), Z2), Z2) > NF9,(BO(5)) (6.26) 
H* (MSO, Z2) = BIREN D E4 Ag /ASq! p IŠA o... (6.27) 
H*(BO(5), Za) Za, w3, w3, w4, ws] (6.28) 


where Sal uk = wi wh + wh, Sql'wl, = ww, Sqlw! = wi wh + wh. 
The E> page is shown in Figure 70. 


Hence we have the following theorem 


Theorem 120. 


The 2d bordism invariant is w%. 


The 3d bordism invariants are w8, wi wh = w. 


The 4d bordism invariants are c, p4, wi?wh, w4. 


The 5d bordism invariants are 1023, ëm, ww, WWE, ww, = wpwh, wp, ww) = wh. 
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Figure 70: O22(BO(5)) 


03°(BO(5)) 
Z 
Z5 
Z5 
Z 
Z? x Z2 
Z; 


oRWNF Cle. 


6.6 BZ, x B?Z, 


6.6.1 Q9(BZ4 x B?Z)) 


H* (BZ4, Z4) = Z4[a, b]/(a? = 2b) 
where a € H! (BZ4, Z4), b € H?(BZ4, Z4). 


H* (BZ4, Z2) E Az, (a) Gi Z»5|b] 
where à =a mod 2 € H! (BZ4,Z5), b — b. mod 2 € H?(BZ4, Z2). 


H* (B?Z5, Z2) = Za[x2, T3, Ts. TO; ++ d 


Ext, (H*(MO, Zə) E H*(B 4X B? 2; 2), 2) > OU .(BZ4 x B?Z,) 


S 
2 
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(6.29) 


(6.30) 


(6.31) 


(6.32) 


H*(MO, Z3) = Az Q Lolya, Ya, Y5, Ves Ves. ]" (6.33) 


2,2 (2% o2 db see s 
where y5 = wj, (y5) = wa, yj = wj, YE = Wows, etc. 


H* (MO, Z2) & H*(BZ4 x B?Zs, Z2) (6.34) 


A» Q Zalya, Ya, Ys, Y6; Ys» ---] & Az, (a) ® Za[b] & Zo[X2, 23, x5, Lo, . . .] 
A20 YX A2032 42045 42082420 12945 D- 


Hence we have the following theorem 


Theorem 121. The bordism groups are 


QF (BZ, x B?73) 


or GO Mä Fa Ole. 
N 
NU 


The 2d bordism invariants are b, 23, w?. 


The 3d bordism invariants are Gb, 3, 4x2, 4w?. 


2 


The 4d bordism invariants are 4x3, bre, 02, x3, wi, w2, bw?, 230%. 


The 5d bordism invariants are 423, bx3, 1273, Gb”, 25, ábxa, aus, àw2, awit, abw?, 3w2— wi», Gau, 


6.6.2 059 (BZ4 x B?Z3) 


Ext, (H* (MSO, Z2) € H*(BZ4 x B?Z5, Z2), Z2) > 059, (BZ4 x B?Z2) (6.35) 


H* (MSO, Z2) = A2/A2Sq! e 31,5 /A2Sq! @ DAs @--- (6.36) 


Note that Bag = b, Bols = zs, Sq'(G@x2) = xs, Sql(bz;) = br, Bra) lab) = b, 
B2,4)(P2(@2)) = xara + ws, Sq! (x23) = Sq'zs = 23, Sq'(G@br2) = übrs, Bi2,4)(aP2(r2)) = 


bas + a(a2x3 +25), Boa (ad?) = D, Biz ay (alo mod 4)) = bu. 
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There is a differential d2 corresponding to the Bockstein homomorphism Oz : H*(—, Z4) > 
H**!(—,Z3) associated to 0 — Za > Zg > Za > 0 [57]. See 2.5 for the definition of Bockstein 
homomorphisms. 


So there are differentials such that d2(b) = àh, dall) = Gbh2, do(zxaxa + 25) = 23h2, do(ba3 + 
á(x3x3 + 25)) = àzx2hg, datt) = àb? h, do(bw3) = aw2h2. 


The E» page is shown in Figure 71. 


$ A 


SS 
LA 


S 
= 
bo 
w 
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(Szi 
O) 
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| 
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Figure 71: Q3°(BZ4 x B?Z3) 


Hence we have the following theorem 


Theorem 122. The bordism groups are 


QSO (BZ, x B?Z)) 


or 0 Nros. 
N 
Wi 


The 2d bordism invariant is 22. 
The 3d bordism invariants are ab and oa, 
The 4d bordism invariants are 0, P2(x2) and bro. 


The 5d bordism invariants are aP2(x2), ab?, alo mod 4), £5 = 1223, abr and wows. 
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6.6.3 (BZ; x B?Z3) 


H* (BZg x B2Z3, Z2) = H*(BZ2, Z2) = Zola] (6.37) 


where a € H! (BZ», Z5). 


Ext, (H* (MO, Z3) & H*(BZg x B?Z3, Z3), Z3) > QP ,(BZe x B’Z3)$ (6.38) 


Since H*(MO, Z3) = 0, we have NL (BZ x B?Z3)% = 0. 


Ext, (H* (MO, Z2) & H*(BZ¢ x B?Z3,Z2),Z2) > NP. ,(BZg x B?Z3)2 (6.39) 


H'(MO, Z3) = Az Q Loalya, Ya, Y5, Y6; Ves] (6.40) 


a2 (42V a2 E _ 
where y5 = wf, (y5)* = wa, yj = wj, ys = wows, etc. 


H*(MO,Z3) ® H'(BZs x B?Z3,Z2) = As 9 Zalyo, ya, Y5, Vos ¥s,---]* O Zala] (6.41) 
= Ao @ EA & 237 Ap D 253 Ao @ 43" Ao D 537.45 $ --- 


Hence we have the following theorem 


Theorem 123. The bordism groups are 


QD (BZg x B?73) 
Z2 


oF Ne Oj. 
N 
NN 


The 2d bordism invariants are wi, d 


The 3d bordism invariants are a?, aw?. 


The 4d bordism invariants are at, a?w?, wi, w3. 


The 5d bordism invariants are a?, a?w?, awt, aw, 343. 
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6.6.4 0599 (BZg x B?Z3) 


Ext! (H* (MSO ^ (BZs x B?Z3)+,Z2),Z2) > 0, (BZ x B?Z3)2. 


Since H*(BZg x B?Z3, Z3) = H*(BZs, Z2), we have 059 (BZg x B?Z3) = QSO (BZ5). 


The E> page is shown in Figure 72. 


S 


A 


Figure 72: Q3°(BZ2) 


Ext, (H* (MSO ^ (BZs x B°Z3)+, Z3), Z3) > 0$9,(BZs x B?Z3)%. 


S 
3 


(6.42) 


(6.43) 


Since H*(BZs x B?Z3,Z3) = H* (BZ; x B?Z3,Z3), we have QSO(BZe x B?73)5 = QSO (BZ; x 


B2Z3). 


Hence we have the following theorem 


Theorem 124. The bordism groups are 


QSO (BZs x B?Z3) 
Z 
Z3 x Za 
Za 
Z? x Za 
Z x Z3 
Z3 x Zà x Zo 


oP wne ols. 


The 2d bordism invariant is n 
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The 3d bordism invariants are a/b', ol 25, a?. 
The 4d bordism invariants are c, a'x(= Hai) and x. 


The 5d bordism invariants are of, aw2, wows, bx), a 272, Bad”). 


Here $83 is the Postnikov square. 


6.7 BZ» x B?Z, 


6.7.1. O9 (BZs x B?Z3) 


H* (BZs, Za) = Za[a, b]/(a? = 4b) 


where a € H! (BZs, Za), b € H?(BZa, Za). 


H*(BZa, Z3) = Az, (à) & Z2|b] 


where à — a mod 2 € H!(BZa,Z3), b=b mod 2 € H?(BZa, Z2). 


H* (B?Z5, Z2) = Z5[x», T3, 5, T9; +» | 


Ext, (H* (MO, Z5) & H* (BZs x B?Z5,75), Z2) > OP ,(BZs x B?Z5) 


H*(MO, Z2) = An 8 Z2lya, Y4, ys, Y6, U8; - - ale 


DI o ON 
where y5 = wi, (y5) = wa, y4 = wj, Ys = waus, etc. 


H* (MO, Z2) & H*(BZ4 x B?Z», Z2) 


A2 S Z2ly2, ya, Y5, U6, U8, - - al E Az,(a) E Z2|b] ® Z»5|£2, 13, 25, Lo, m 


A2 D ZA D 3X? 45 00:43:35 OBS As GI Ag Qs: 


Hence we have the following theorem 


Theorem 125. The bordism groups are 
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(6.44) 


(6.45) 


(6.46) 


(6.47) 


(6.48) 


(6.49) 


QU (BZ; x B?Z)) 
Z2 


or Dä H kä Ole. 
N 
Nu 


The 2d bordism invariants are b, £2, w?. 
The 3d bordism invariants are Ob, 23, 412, Ou". 
4 


The 4d bordism invariants are Aa, br, 02, x2, wt, w2, bw?, au. 


The 5d bordism invariants are 423, 0x3, 1323, b? , 25, abr2, wans, 4103, awit, abw?, x3w2— wer, am, 


6.7.2 QS5°(BZs x B?Z3) 


Ext (H* (MSO, Z2) & H*(BZs x B?Z2, Z2), Z2) + 08°,(BZg x B?Z) (6.50) 
H* (MSO, Z2) = A2/A2Sq! ER N*42/A2Sq' exX'ArO--- (6.51) 
Note that Daag = b, Sqlxz = 23, Sq (273) = üms, Sql(bz;) = bxs, B9)(ab) = b? 


4)(P2(x2)) = 2223 + 25, Sq! (22103) = Sq!'vs = 23, Sq (ab 2) = übzs, Da ((a mod 4)P2(x2)) = 
A 2,8) (a)23 + dí + 25) = 233 + ü(rors + 25) = ü(rors + 25), Boglab?) = 1%, Bo sy(a(c 


mod 8)) = bw 
There is a differential d, corresponding to the Bockstein homomorphism Da 5») : H*(—, Zan) > 
H**1(—, Z3) associated to 0 > Za > Zon+1 — Zon — 0 [57]. See 2.5 for the definition of Bockstein 


homomorphisms. 


So there are differentials such that d3(b) = Gh3, d3(b?) = Gbh2, da(1223+x5) = 23h, da(ü(xoxa-- 
25)) = üxZh2, da(b?) = ab? h2, da(bw2) = áwh2. 


The E» page is shown in Figure 73. 
Hence we have the following theorem 

Theorem 126. The bordism groups are 
The 2d bordism invariant is x9. 


The 3d bordism invariants are ab and ax. 
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Figure 73: Q3°(BZs x B?Z3) 


QSO (BZg x B?73) 
Z 
Zg 
Z2 
Zg x Za 
Z x Z4 X Za 
Z, x MEA 


o VS Gä Mä Fa Cie, 


The 4d bordism invariants are 0, P2(x2) and bro. 


The 5d bordism invariants are (a mod 4)P2(22), ab?, a(o mod 8), £5 = 2223, aby and 0303. 
6.7.3 09(BZis x B?Z3) 


H*(BZjg x B?Z3, Z2) = H*(BZs, Z2) = Z»[a] (6.52) 
where a € H! (BZ», Z2). 
Ext, (H*(MO, Z3) & H*(BZig x B?Z3, Z3), Z3) > OP ,(BZis x B?Z3)3 (6.53) 


Since H*(MO, Z3) = 0, we have 09 (BZis x B*Z3)5 =0. 


Ext, (H*(MO, Z2) € H*(BZig x B?Z3, Z2), Z2) > Q ,(BZis x B?Z3)7 (6.54) 


S 
2 
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H*(MO, Z3) = Az Q Lolya, Ya, Y5, Ves Ves --.]" (6.55) 


2,2 tun m = 
where y5 = wf, (y5)* = wa, yj = wj, Ys = wows, etc. 


H*(MO, Z2) & H'(BZis x B?Z3,Z2) = Az ® Zalya, ya, Ys, Vos Ys» ---]* O Zola] (6.56) 
= Aach XA @ 207 Ao © 203 Ap O 4D4 Aa P BECH AD D- 


Hence we have the following theorem 


Theorem 127. The bordism groups are 


0°(BZig x B?Z3) 


or GO Mä Fa OC] oe. 
N 
ww 


The 2d bordism invariants are w?, a?. 


The 3d bordism invariants are a?, aw?. 


The 4d bordism invariants are a^, a?w?, wi, w2. 


5 3 


The 5d bordism invariants are of, a?w?, ou, aw}, wow3. 


6.7.4. O5°(BZig x B?Z3) 


Ext%, (H*(MSO ^ (BZis x B?Z3),, Z2), Z2) > 029, (BZis x B?73)5. (6.57) 
Since H*(BZig x B?Z3, Z2) = H*(BZ2, Z3), we have 059 (BZis x B?Z3)2 = 059 (BZ3). 
Ext, (H' (MSO ^ (BZis x B?Z3),4, Z3), Z3) > 079, (BZis x B?Z3)2. (6.58) 


Since H*(BZ1g x B?Z3, Z3) = H*(BZs x B?Z3, Z3), we have 059 (BZis x B?2Z3)4 = 089 (BZg x 
B?73)5. 


H" (BZo, Zo) = Az, (a^) & Zo[U']. (6.59) 
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where a’ € H'(BZy,Zg), t € H?(BZo, Zg). 


H*(BZs, Z3) = Az, (ã') & Z3[0']. (6.60) 


where à =a’ mod 3, Y =b mod 3, Y = Ba, (a’). 


H*(B?Z5, Z3) = Aal, zk, ...] @ Az, (x5, 25, ...) (6.61) 


Note that 63,3)(@) = 38(s.9 (a^) = 3b = 0, (s.s (25) = 25, Biss (22) = 22325, Beo (a^) = A, 
Bis (av?) = 0%, By (ü'z5) = UL, Prey (i25) = US, Bias) (üUxS) = ü'b'z5, Baale?) = 
2a rota. 

There is a differential do corresponding to the (3, 9)-Bockstein [57]. 

So there are differentials such that dal) = &' h2, da(0?) = à't hi2, dot?) = 0h. 


The E> page is shown in Figure 74. 


Bine 
5 
4 N 
3 N 
2 N N 
1 N 
0 . . ee ee 
> 
0 1 2 3 4 5 6 t—s 


Figure 74: 099 (BZg x B?Z3)5 


Hence we have the following theorem 


Theorem 128. The bordism groups are 


The 2d bordism invariant is 22. 


The 3d bordism invariants are a’b’, a'r, a?. 
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05° (BZig x B?Z3) 
Z 
Z9 x Za 
Z3 
Zo x Z3 x Za 
Z x Z2 
Z3 x Z3 x Zar 


orRWNrF Cle. 


The 4d bordism invariants are c, Hai, x. 


The 5d bordism invariants are of, aw2, w2w3,ã' (o mod 3), à/U 2^5, à/22 , Ba (U^). 


Here $83 is the Postnikov square. 


6.8 B(Z,x PSU(N)) 


For N > 2, the outer automorphism group of PSU(N) is Zo where Z5 acts on PSU(N) via complex 
conjugation. 


6.8.41 QP(B(Z; x PSU(3))) 


Ext! (H' (MO, Z2) ® H*(B(Z2 x PSU(3)), Z2), Za) = 0 (B(Za x PSU(3))) (6.62) 


H*(MO, Z3) = Az Q Zəly2, Ya, Y5, Ves Ves. ]" (6.63) 


=D DNR 29 Id E 
where y3 = wy, (y5)* = 03, yj = wj, Y5 = ws, etc. 


We have a fibration 


BPSU(3) > B(Z2 x PSU(3)) > BZ. (6.64) 

and 
H*(BZ», Z3) = Zəļa] (6.65) 
H*(BPSU(3), Z2) = Zalca, c3] (6.66) 


By Serre spectral sequence, we have 


H?(BZ5, HX (BPSU(3), Z2)) > HP^*(B(Z; x PSU(3)), Z2). (6.67) 


The relevant piece is shown in Figure 75. 
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2 0 0 0 0 
1 0 0 0 0 
0 Za Zo Za Za 

0 1 2 3 


Figure 75: Serre spectral sequence for (BZ2, BPSU(3)) with coefficients Za 


Hence H*(B(Z2 x PSU(3)), Z2) = H*(BZa, Z2) for * < 3. 


H* (MO, Zə) e H*(BZ,Z2) 
A» G9 Z35|y», Ya, Y5, Y6, U85 - - 2 D Zəla] 
= A29 EA P 2042025420 --- 


Hence we have the following theorem 


Theorem 129. The bordism groups are 


The 1d bordism invariant is a. 


The 2d bordism invariants are a?, w?. 


The 3d bordism invariants are a?, au. 


6.8.2 QS? (B(Za x PSU(3))) 
Ext^/ (H* (MSO, Z2) € H*(B(Z» x PSU(3)), Z2), Z2) > 029, (B(Za x PSU(3)))7 


Ext, (H*(MSO, Z3) & H*(B(Z2 x PSU(3)), Za), Z3) > NF°,(B(Z2 x PSU(3)))§ 
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(6.68) 


(6.69) 


(6.70) 


H* (BPSU(3), Z3) = (Z3|zo, Z8, 212] Q Az, (23, 27))/ (2223, 2227, 2228 + 2327) (6.71) 


By Serre spectral sequence, we have 


H” (BZ2, H4(BPSU(3), Z3)) > H?’+4(B(Z2 x PSU(3)), Z3). (6.72) 


The relevant piece is shown in Figure 76. 


3 Za 0 0 0 
2 Zs 0 0 0 
1 0 0 0 0 
0 Z3 0 0 0 

0 1 2 3 


Figure 76: Serre spectral sequence for (BZ2, BPSU(3)) with coefficients Z3 
Hence H*(B(Z» x PSU(3)), Z3) = H*(BPSU(3), Z3) for x < 3. 


Combining this with previous results, we have the following theorem 


Theorem 130. The bordism groups are 


i O8°(B(Z2 x PSU(3))) 
0 Z 
1 Zə 
2 Z3 
3 Z5 


The 1d bordism invariant is a. 
The 2d bordism invariant is zo. 
3 


The 3d bordism invariant is a?. 


Here z2 = w2(PSU(3)) € H?(BPSU(3), Z3) is the generalized Stiefel-Whitney class of the prin- 
cipal PSU(3) bundle. 
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6.8.3. O9 (B(Z» x PSU(4))) 


Ext (H* (MO, Z2) & H*(B(Z2 x PSU(4)), Z2), Z2) > NP. ,(B(Z2 x PSU(4))) (6.73) 


H*(MO, Z3) = A2 9 Zalya, Ya) Y5, Yo, Y8) - --]" (6.74) 
where yá = wi, (y2)* = w2, yj = wi, yf = wows, etc. 
We have a fibration 
BPSU(4) > B(Z; x PSU(4)) > BZ». (6.75) 
and 


H* (BZa, Z2) = Z»5la] (6.76) 


We also have a fibration 


BSU(4) > BPSU(4) > B?Z, (6.77) 

and 
H* (BSU(4), Z2) = Za [ca, C3, c4] (6.78) 
H*(B?Z4, Zo) = Zo|5, 21, 22, ff. (6.79) 


By Serre spectral sequence, we have 


H?(B?Z4, H4(BSU(4), Z2)) > HP**(BPSU(4), Z2). (6.80) 


The relevant piece is shown in Figure 77. 
Hence H*(BPSU(4), Z2) = H*(B?Z4, Z2) for * < 3. 
Again by Serre spectral sequence, we have 


H?(BZ», H4(BPSU(4), Z2)) > HP**(B(Z; x PSU(4)), Z2). (6.81) 


The relevant piece is shown in Figure 78. 
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3 0 0 0 0 
2 0 0 0 0 
1 0 0 0 0 
0 Z2 0 Z3 Z3 

0 1 2 3 


Figure 77: Serre spectral sequence for (B?Z4, BSU(4)) 


3 Zo Z5 Z3 Z3 Zo 
2 Za Za Za Za Za 
1 0 0 0 0 0 
0 Zo Z5 Zo Z5 Za 

0 1 2 3 4 


Figure 78: Serre spectral sequence for (BZ, BPSU(4)) 


'There are no differentials, 


Za n 0 
> = Za n= 
H"(B(Zo x PSU(4)), Z2) = 72 n=2 (6.82) 
Z? MES 
H* (MO, Z2) ® H'(B(Zo x PSU(4)), Z2) (6.83) 


= ÁA: PEA: 35:2 E O 43 Ay Qe 


Hence we have the following theorem 


Theorem 131. The bordism groups are 


The 1d bordism invariant is a. 
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i O(B(Z2 x PSU(4))) 
0 Zo 
1 Z5 
2 73 
3 E 


The 2d bordism invariants are a”, 24, w?. 


The 3d bordism invariants are a?, 74, až, aw]. 
Here z = wo(PSU(4)) e H?(BPSU(4), Z4) is the generalized Stiefel-Whitney class of the prin- 
cipal PSU(4) bundle, % = 23 mod 2, 23 = Bi2,4)29. 


6.8.4 O39 (B(Z5 x PSU(4))) 


Ext? (H* (MSO, Z2) & H*(B(Z2 x PSU(4)), Z2), Z2)  0$9,(B(Z x PSU(4))) (6.84) 


There is a differential d2 corresponding to the Bockstein homomorphism (2,4) : H*(—, Z4) > 
H**!(—,Z3) associated to 0 > Za > Zg > Za > 0 [57]. See 2.5 for the definition of Bockstein 
homomorphisms. 


Since B(2,4) (22) = 23, there is a differential such that do(25) = Z2hg. 


The E> page is shown in Figure 79. 


$ A 


Figure 79: Q3°(B(Z2 x PSU(4))) 
Hence we have the following theorem 
Theorem 132. The bordism groups are 
The 1d bordism invariant is a. 
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i OPO(B(Z2 x PSU(4))) 
0 Z 
1 Zo 
2 Za 
3 Z2 


The 2d bordism invariant is 25. 


The 3d bordism invariants are a?, oz, 


7 Final Comments and Remarks 


7.1 Relations to Non-Abelian Gauge Theories and Sigma Models 


As we mentioned, this article is a companion Reference with further detailed calculations supporting 
other shorter articles [18-20]. Now we make final comments and remarks on how our cobordism 
group calculations in the preceding Sec. 5 and Sec. 6 are applied in these works [18-20]. 


1. Pure SU(2) Yang-Mills theory's higher anomaly: Ref. [9] introduces the generalized global 
symmetries include higher symmetries (See a brief review in Sec. 1.4, Items ( 1) and (Q 2)). 
The pure SU(N) Yang-Mills (YM) gauge theory has a higher-1-dimensional (1-form) electric 
symmetry, denoted as Zum (previously known as the Zy-center symmetry). The pure SU(N) 
YM theory in 4d has the corresponding 1-form electric ZN [1] symmetry charged object: the 
1-dimensional gauge-invariant Wilson line We: 


We = Tra(P expli d a). (7.1) 


and the 2-dimensional charge operator: the 2-dimensional charge surface operator Ue. 


m= expli sm fa, (7.2) 


The spacetime path integral formulation of SU(N) YM higher symmetry becomes a relation: 


(We Ue) = (Tra (P exp(i H 


127 
Loi em H A) =p Lk 32), (7.3) 


with R in fundamental representation. The remarkable Ref. [16] discovers the mixed higher 

't Hooft anomaly of pure SU(N) YM theory at an even integer N with a second Chern class 

topological term (or f c3 c f 35 Tr FA Fa at 0 = 7 with the YM field strength curvature Fa) 
M4 M4 

between time-reversal Z7 symmetry (with a schematic background field T or w¡(T M)) and the 

1-form electric ZN {1 symmetry (with a schematic 2-form background field B), via a schematic 

5d topological term: 


~ exp(im T BB). (7.4) 
M5 
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Ref. [18,20] shows that this precise 5d topological term written as a 5d bordism invariant (at 
N — 2) of a mod 2 class term is: 


exp(im BSq B + Sq*Sq! B) = exis | W(TM)UP(B)), (7.5) 
M5 M5 


based on the notation introduced earlier in Sec. 5.4.1 and Sec. 5.4.1, it can be written as: 


expüs | r2Sq! £2 + Sq?Sq! r2) = exp(in | 
M5 


. l1. 
X233 z5) = exp(in | Elte KI (7.6) 
M5 


M5 

where x2 = B is the generator of H?(B?Z2, Z2). Other than Ref. [18,20], the derivation of 
the relation of the topological invariant 1213 + x5 = 301Po(x2) has also been examined in 
an excellent note of Debray [69]. For eqn. (7.6), our relevant cobordism theory includes the 
unoriented bordism group Q9 (B?Z2) in Sec. 5.4.1 and the oriented bordism group 059 (B?Z3) 
in Sec. 5.4.2. 


. Pure SU(N) Yang-Mills theory’s higher anomaly: The above formulas (7.5) and (7.6), are 5d 
topological invariants characterizing the 4d SU(2) YM at 0 = ss higher anomaly. For a generic 
4d SU(N) YM at 0 = rr of even integer N = 2", Ref. [18] proposes a precise 5d topological term 
written as a 5d bordism invariant (at N — 2") which includes at least a mod 2 class term: 


N 1 
Bbo N25 B + 394 Bax B = yÚUTM)P(B), (7.7) 


characterizing (part of) the 4d SU(2) YM at 0 = s's higher anomaly. Pontryagin square is 
defined as P ` H?(—, Zan) > Hit. Zon41). For example, at N = 2, we get eqn. (7.7) coincides 
the same formula as eqn. (7.6). At N = 4, we get the formula BfoN-4)B = Iii(TM)P(B). 
Our corresponding cobordism group calculations are presented in Sec. 6.2.1 and Sec. 6.2.2. 


. More discrete symmetries (e.g. charge conjugation) and more higher anomalies: SU(N) YM 
theory has charge conjugation symmetry ZU when N > 2. Therefore, Ref. [18] presents addi- 
tional higher ’t Hooft anomalies associated to the charge conjugation ZY background field Ac. 
The relevant cobordism group calculation involving additional ZG symmetry requires adding 
a new BZ sector into the previous classifying space. Relevant cobordism group calculations 
are presented in Ref. [18], and also some trial toy-model examples in Sec. 5.6, Sec. 6.6, and 
Sec. 6.7 involving the classifying space BZm and higher-classifying space B?Z,,. The combined 
higher-classifying space includes the forms of BZm x B?Z,, or BZm x B?Z,, (in Ref. [18]). 


. Non-linear sigma models and their anomalies: Non-linear sigma models such as the CP^-1- 
sigma models (with the target space CPNT!) have a global symmetry of PSU(N). Therefore, 
the relevant cobordism group calculations presented in Ref. [18] include the classifying space 
BPSU(N). We include the pertinent cobordism group calculations also for BPSU(N) in Sec. 5.5, 
BPSU(2)=BO(3) in Sec. 6.3, and B(Z2 x PSU(N)) in Sec. 6.8. The time reversal symmetry Z7 
of bosonic or fermionic version of sigma models corresponds to O or Pin- structure respectively. 
The charge conjugation symmetry ZZ corresponds to the BZ» in B(Z2 x PSU(N)) in Sec. 6.8 


. Higher-symmetry extension, and the fate of gapped and gapless-ness of quantum phases: 

An SU(N) YM gauge theory coupled to SU(N) fundamental fermions break explicitly the 1-form 
ZN gj Symmetry (thus does not have the 1-form ZÀ (jj Symmetry). An SU(N) YM gauge theory 
coupled to SU(N) adjoint fermions can still possess a 1-form ZN 1 Symmetry. 

The SU(N) adjoint fermion YM gauge theory is known as the adjoint QCD of SU(N) gauge 


e 


group. The relevant global symmetries of this adjoint QCD thus includes ZŇ d and a 
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SU(m) flavor chiral symmetry (say, if there is an m-flavor of Wely fermions in the adjoint 
representation of SU(N)). Some trial toy-model examples of cobordism groups, involving these 
classifying spaces BSU(m), BPSU(m) and B?Zw, are presented in Sec. 5.7. For example, 


for the adjoint QCD with an SU(2) gauge group and Ny = 2 adjoint Weyl fermions, the 
SU(2) x Zs, Em SU(2)xZg, 


(including a time-reversal symmetry), see their cobordism groups and higher-anomalies in [18]. 


pertinent symmetry groups are Spin XZE ( 


Along this development, the fate of relevant theories of the adjoint QCD is explored recently 
using the modern language of higher-symmetries and higher-anomalies in various other Ref. [17, 
70-74], other than [18], and References therein. 


Ref. [18] employs a generalization of a symmetry-extension method of [43] to a higher-symmetry- 
extension method, as a tool of constructing a fully-symmetry-preserving gapped phase saturat- 
ing the higher ’t Hooft anomalies. It turns out that: 


e Certain higher ’t Hooft anomalies cannot be saturated by a fully-symmetry-preserving 
gapped phase (e.g. TQFT); which implies either the symmetry-breaking or gapless-ness 
of the dynamical fate of the theories. Examples include P(B) in H*(M,Z4) and AP(B) 
in H°(M,Z,4) where M is the spacetime manifold [18]. This higher-symmetry-extension 
approach [18] thus rules out some candidate low-energy infrared phases (as a dual phase 
of a high-energy QFT) proposed in [71]. 

e Certain higher 't Hooft anomalies can be saturated by a fully-symmetry-preserving gapped 
phase (e.g. TQFT); which implies a possible exotic dynamical fate as the confinement with 
no chiral symmetry nor 1-form center symmetry breaking. Various examples of pure SU(N) 
YM gauge theories with 0 = m-topological term indeed afford such an exotic confinement 
without any (ordinary or higher) symmetry-breaking, see Ref. [18,20]. 


7.2 Relations to Bosonic/Fermionic Higher-Symmetry-Protected Topological 
states: Beyond Generalized Super-Group Cohomology Theories 


1. Bosonic higher-symmetry protected topological states (b-higher-SP Ts): 


(1) Bosonic symmetry-protected topological states (bSPTs) in d + 1d of an internal (ordinary 
0-form) global symmetry Gg) is proposed firstly in Chen-Gu-Liu-Wen Ref. [5] to be classified 
by à cohomology group 


H^* (Gy, U(1) (7.8) 
or the topological cohomology of classifying space BGo as 
HL (BG (0) U(1)). (7.9) 


(2) It is later proposed by Kapustin in Ref. [26], for bosonic SPTs of Gun and for bosonic 
symmetric invertible topological order (denoted as b-iTO) of Gio), they are classify by a cobor- 
dism group classification, which is beyond the group cohomology framework. The torsion (finite 
group [| j Znj) part of cobordism group classification contains: 


Hom(044 1 tors(BE (oy), U(1)) (7.10) 


where H is an oriented H = SO or an unoriented H = O for the (co)bordism group. To include 
the free part (the non-torsion part, infinite integer [] j Z classes), we need to include additional 
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contribution: In physics, this is related to the nontrivial thermal Hall response and gravitational 
Chern-Simons terms. 


(3) Ref. [53] of Wen proposes the SO(co) version of bosonic cohomology group to classify the 
bSPTs beyond Chen-Gu-Liu-Wen's Ref. [5] via 


H^*!(SO(oo) x Go), U(1), H (B(SO(oo) x Gy), U(1)). (7.11) 


(4) Ref. [4] of Freed-Hopkins introduces this classification of topological phases (TP), including 
the torsion and the free parts, defined as a suitable new cobordism group denoted: 


TPea(A x Gr). (7.12) 


(5) In our work, we generalize the result of Ref. [4] of bosonic SPTs to bosonic higher-SPTs 
including the higher-symmetries (e.g. G(1)), such as 


TPayi(A x (Gio) x BGq))), TPayi(H x (Gio x Bull, ... (7.13) 
and more general constructions in Sec. 4. 


. Fermionic higher-symmetry protected topological states (f-higher-SP' Ts): 

Fermionic symmetry-protected topological states (fSPTs) in d + 1d of an internal (ordinary 
0-form) global symmetry Gg) is proposed in Ref. [75] by Gu-Wen to be classified by a super- 
cohomology group. A corrected modification of Gu- Wen model is presented by Gaiotto-Kapustin 
in Ref. [76]. The Gu-Wen model and Gaiotto-Kapustin model is more or less complete for the 
3d (2+1D) fSPTs with a global symmetry of finite group Gig). They also provide lattice 
Hamiltonian or wavefunction model constructions. The relation between the full fermionic 
symmetry group Gp and Go) is based on a short exact sequence, extended by a normal subgroup 
fermionic parity Z7: 


1+ Z% 2 Gp > Go) 1. (7.14) 


However, neither Gu-Wen nor Gaiotto-Kapustin models obtain a complete classification for 4d 
(34-1D) fSP'Ts, even for a global symmetry of finite group Gi). Improvements are made via 
several different approaches: 


(1) Kitaev's in Ref. [77] proposes a homotopy-theoretic approach to SPT phases in action. 
This gives rise a correct Zig classification of 3+1D topological superconductors, matching 
to the cobordism group classification. Kitaev's Ref. [77] can be regarded as the interaction 
version of SPT classification, improved from his previous K-theory approach for the topological 
phase classification of free-fermion systems [78]. Kitaev's approach is reviewed, for example, in 
Ref. [79,80]. 


(2) Kapustin-Thorngren-Turzillo-Wang [27] approaches is based on the H = Spin or Din" 


versions of cobordism group Hom(0% 1 tors(BG (oy), U(1)). 


(3) Freed-Hopkins [4] introduces a cobordism group TPa4,4(H x Gun) whose effective compu- 
tation is based on the Adams spectral sequence, with H = Spin or Pin™ for a fermionic theory. 


(4) Kapustin-Thorngren in Ref. [37] introduces the higher-dimensional bosonization to con- 
struct higher-dimensional fSPTs, mostly focusing on a finite symmetry group Gp. 


(5) Wang-Gu in Ref. [81,82] introduces a generalized group super-cohomology theory with 
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multi-layers of group extension structures of super-cohomology group, mostly focusing on a 
finite symmetry group Gp. The computation of fSP'Ts classification based on the generalized 
super-cohomology group is similar to the Atiyah-Hirzebruch spectral sequence method. See 
related discussions in Ref. [10,83] on Atiyah-Hirzebruch spectral sequence for classifying fSPTs. 


(6) Ref. [40,84] use a mixture of Dai-Freed theorem [50] and Atiyah-Hirzebruch-like spectral 
sequence to determine fSPT's and their discrete anomalies on the boundaries. 


(7) Ref. [10] computes various finite-group fSPTs via Adams spectral sequence. Their methods 
and their derived {SPT terms can be regarded as the complementary approach to those derived 
via Atiyah-Hirzebruch-like spectral sequence [81-83]. 


(8) In our work, we generalize the result of Ref. [4] of fermionic SPTs to fermionic higher-SPTs 
including the higher-symmetries (e.g. G(1)), such as 


TPayi(H x (Gi) x BGa))), TPayi(H x (Go) x BG(1))), 


with H = Spin or Pin^. Or slightly more generally, consider the classification of fermionic 
higher-SPTs via: 
TPa+i(H) 


such that the H, G and H satisfy the following exact sequences: 


1 62 H  Spin(d + 1) > 1, 
1 — ZF > Spin(d+1) 2 SO(d + 1) > 1, (7.15) 
B?G( > B6 BG) => B?G( mcd 


or 


1— © > H Pin*(d- 1) > 1, 
1 ZE > Pin*(d 4-1) > O(d+ 1) 1, (7.16) 
B?G( > BG > BG) SS B?G( Tu wu 


Even more general constructions are explored in Sec. 4. 


. Braiding statistics and link invariants approach to characterize bosonic/fermionic SPTs and 
higher-SPTs: Another useful approach to classify SPTs is based on gauging the global symmetry 
group of SPTs, such that we obtain a gauge theory or TQFT at the end. The braiding statistics 
of the fractionalized excitations of gauged SPTs can characterize the pre-gauged SPTs, the 
explicit method of 3d (2+1D) SPTs is outlined by Levin-Gu [85]. Here we focus on the case 
of continuum field theory formulation of braiding statistics and link invariants approach to 
characterize these higher-dimensional SPTs. 


(1) 4d (3+1D) bSPTs: Ref. [86,87] 
(2) 4d (34-1D) fSPTs: Ref. [10, 37,87,88] 
(3) 5d (4+1D) SPTs or higher dimensions: Ref. [20]. 


. A Generalized Cobordism Theory of higher-symmetry groups — beyond Higher-Group Super- 
Cohomology Theories: 


It is known that the cobordism theory approach of Kapustin et al. [26,27] and Freed-Hopkins [4] 
obtain the classification of fSPTs and bSPTs beyond Chen-Gu-Liu-Wen's group cohomology [5] 
or Gu-Wen's group super-cohomology [75]. A more refined version of generalized group super- 
cohomology [81,82] can obtain some missing classes of [75] to match the cobordism classification. 
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Therefore, we expect that the our approach, on a generalized cobordism theory including the 
higher-symmetry groups, can classify higher-SPTs (including fSPTs and bSPTs) that may or 
may not be captured by higher-group super-cohomology theories. 


For future work, it will be illuminating to understand the distinctions between the generalized 
higher-group cobordism theory approach and the generalized higher-group super-cohomology 
theories. We expect the comparison between two approaches can be rephrased as a certain 
version of Adams spectral sequence method in contrast to a certain version of Atiyah-Hirzebruch 
spectral sequence method. 


It will also be important to figure the possible lattice-regularization (e.g. lattice Hamiltonian 
on simplicial complex) of those higher-SPTs classified by our generalized cobordism theory. 
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